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Foreword
The science of economics includes a wide range of theories in the field of
mathematical and statistical methods categorized as econometrics, mathematical
economics and engineering economics.
In order to reduce and confront the pressures on the limited water resources,
implementing proper economic approaches seem to be necessary by taking into
account the increasing water demand, aged infrastructures and social issues.
Practical understanding of the interaction between water and economics is also
crucial for approaching sustainable water governance.
Water economics aims to contribute to the development of advanced integrated
hydro-economic modeling at different scales from local to national levels, the design
and evaluation of water policy and the economics of public water supply, sanitation
and wastewater treatment. With this rationale, the National Water and Wastewater
Engineering Company (NWWEC), affiliated to the Ministry of Energy of Iran
together with the Regional Centre on Urban Water Management (RCUWM-Tehran)
under the auspices of UNESCO, bringing up the mission to transfer applicable
scientific knowledge, have jointly published this book allowing the formulation of
sound economic policies leading to sustainable water management.
This book addresses theoretical background of water economics in brief, the
changing value of water in its different sectors and the evaluation of economic
tradeoffs and also best practices in water and wastewater tariff determination that are
ecologically, socially and economically sustainable. It also aims at introducing the
application of economic theories and principles in water and wastewater utilities.
The readers of this publication could be water managers and experts, economists,
natural scientists and engineers involved in water resources management issues.
I hope this book would contribute to better understandings of water economy as
a key step to improve water and wastewater management.

Reza Ardakanian
Chairman of RCUWM Governing Board &
Minister of Energy of I.R. Iran

Introduction
It could be claimed that economics plays an important role in water governance. It seems that
neglecting economic considerations may pose serious challenges to the achievement of
sustainable water governance. Water economics cover all aspects of water supply and
management including, but not limited to, water collection networks and reservoirs,
transmission lines and canals, water and wastewater treatment plants, and the production and
distribution processes among different users.
This book aims at introducing the theoretical background of water economics and
discusses the practical schemes and best practices to optimize water tariffs. It also addresses
the economic consideration of water allocation as a limited resource to meet the competing
demands. It also sheds some light on advances in water economics.
The theoretical and applied subjects related to water economics are investigated from
different perspectives in this publication. Water has to be considered as an economic good
rather than a social service at a fixed rate. Our intention is to not only to address the theoretical
concepts of water economics but also to describe their application in water and wastewater
services. The challenges and experiences of some countries have also been presented in this
book. This publication consists of seven chapters as follows:
Chapter one aims to present the prevailing theories and concepts of supply, demand,
equilibrium, types of elasticity and the utility in economics. The authors have tried to present
contents of this chapter in a concise and precise manner; although diagrams and examples
are used to aid understanding the fundamentals and the basic principles of microeconomics.
In chapter two, after briefly introducing the methods of estimating water demands in
agriculture and industry, the theoretical basics of estimating different types of urban water
demand functions and their related parameters have been thoroughly investigated. The
objective of this chapter is to show how, by drawing on economic theories, namely the Stone–
Geary utility function, the water demand function in human settlements are derived in order
to calculate own-price elasticity of demand, income elasticity of demand and cross-price
elasticity of demand, which are very useful to justify water tariffs, water demand
management and to identify factors affecting water demand.
Chapter three is dedicated to specification and analysis of demand function for urban
water and to get better acquainted with its theoretical fundaments using a practical example.
A case study in Iran is selected to provide the statistical population sample. After estimating
the marginal price of water, and selecting the households’ per capita income, consumer price
index (CPI), and the average temperature and precipitation as the explanatory variables, the
demand function for urban water are estimated.
Chapter four presents the theoretical fundaments of production, and some other concepts
like different types of production function, concepts of translog function, returns to scale,

theory of costs, profit maximization, sensitivity analysis, cost minimization, elasticities of
substitution, and the econometric methods for estimating cost function.
Chapter five aims to summarize an appropriate model for estimating the cost function of
urban water in Iran as a typical example. After considering the specific conditions governing
the water and wastewater services, and taking results of numerous relevant studies into
account, the translog cost function is selected. Cost function estimation was used to obtain
elasticities of substitution, determine input demand functions, reach an optimal combination
of inputs, identify economic efficiencies and estimate marginal cost and setting optimal water
pricing. In the sixth chapter, fundamentals of water pricing, from economic, financial and
business perspectives, as well as different methods of economic pricing of water are
addressed in details.
The last chapter aims to present and report the performance of a number of economic
parameters involved in the Iranian water and wastewater services and compare them with the
performance of their counterparts in a number of other countries.

Seyedhossein Sajadifar & Mohammad Davoodabadi
National Water and Wastewater Engineering Company (NWWEC)
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Chapter 1
1. Microeconomics: Theory and Issues
Familiarity with the basic concepts of economics and knowledge of how to
apply theories and issues of microeconomics are of especial importance in
helping mangers to achieve their targeted plans. This chapter aims to present
theories behind and concepts of supply, demand, equilibrium, types of
elasticity and the utility in economics. The authors have tried to present
contents of this chapter in a concise and precise manner. Although diagrams
and examples are used to aid understanding fundamentals and basic
principles of microeconomics.
This chapter is the basis to understand “Estimation of Urban Water
Demand Function” in Chapter 3. Understanding the theoretical background
behind the specification of economic models implemented within the
territory of a provincial Water and Wastewater Company requires a
comprehensive knowledge of microeconomic theories, which are briefly
described in this chapter.
Microeconomic theories and issues cover a wide and diverse range of
topics. However, topics discussed in this chapter are limited to those directly
related to the framework of the present book. The contents of this chapter
compiled from reputable sources and are not the personal opinions of authors.
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1.1. Demand Theory
Demand is the amount of a good or service that consumers buy over a certain period, and is
determined by price and some other factors 1. Demand theory is considered one of the most
important aspects of economics and understanding that is vital for any business. For instance,
if there is insufficient demand for the products of commercial enterprises, they cannot carry
on their businesses or the required performance will not be achieved. The amount of demand,
as a dependent variable, for a given good depends upon some independent variables like: the
price of the good, income level of potential customers, the price of other goods, or maybe
some other variables like advertisement, etc. This amount can be written as Equation 1.1:
𝑄𝑥𝐷 = 𝑓(𝑃𝑥  𝑃𝑠  𝑃𝑐  𝑃𝑦  𝐼 𝐴 𝐸)

(1.1)

In this equation:
𝑃𝑥 : The price of the good in question, 𝑥.
𝑃𝑠 : The price of substitute goods, 𝑠.
𝑃𝑐 : The price of complementary goods, 𝑐.
𝑃𝑦 : The price of other goods, 𝑦.
𝐼: The income level of the consumer.
𝐴: Taste or preference pattern (demand for a good may change at different levels of
consumption due to changes in consumer taste, advertisement, technology, etc.).
𝐸: Price expectations (the present demand for certain goods may change in anticipation
of an increase in their future price).
We assume all variables in Equation 1.1, except price, are relatively unchanged; hence,
Equation 1.2, ceteris paribus, is used to study demand.
𝑓(𝑃𝑥 ) = 𝑄𝑥𝐷

(1.2)

1.1.1. Demand Function
Demand function shows the relationship between price (𝑃 ) and the quantity of a good
demanded (𝑄), on the assumption that all other variables affecting the demand remain equal.
Geometrically, the market demand curve for a good is obtained by horizontal addition of the
demand curves of all consumers of that good whose demand functions are independent of
each other. Moreover, besides the number of consumers, market demand for a good depends
on variables determining consumer demand (Equation 1.1).
1

Note that demand is different from need. Consumers may need many goods or services, but they do not demand
that, for example because they cannot afford it or they consider that expensive. Factors such as price, income, and
many others are involved in making needs to be demanded.
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The demand for a good is represented in three forms. i.e., table, graph of two-dimensional
coordinate system, and equation which are respectively known as demand schedule, demand
curve and demand equation. An example of a demand schedule is shown in Table 1.1.
Demand schedule shows the price and the quantity of goods demanded and considered a basis
for drawing the demand curve and determining the demand equation.
Table 1.1 A demand schedule with an assumed data
Price (𝑃𝑥 )
Quantity per month (𝑄𝑥 )

0
10

1
8

2
6

3
4

5
0

4
2

The mathematical equation of demand is generally in accordance with Equation 1.3,
where the variable 𝛼 is the vertical intercept of the function, representing price-independent
demand, and showing the maximum amount of demand at zero price, known as saturation
point. The variable 𝛽 is the inverse slope of the demand function, obtained by differentiating
the demand equation. The negative sign indicates the law of downward sloping demand
curve. It is worth to note that in textbooks the mathematical inverse equation of demand
specification, as shown in Equation 1.4, is known to represent demand curve.
𝛼 1
− 𝑃
𝛽 𝛽 𝑥
𝑃𝑥 = 𝛼 − 𝛽𝑄𝑥𝐷
𝑄𝑥𝐷 =

(1.3)
(1.4)

Figure 1.1 is the geometrical representation of demand curve where demand at point 𝑃𝑎
is equal to zero. Therefore, this price is the maximum imaginable price under the depicted
demand curve. In other words, the quantity demanded of a good at prices below the maximum
price (𝑃𝑎 ) is positive and there is no demand at prices above it. The point 𝑄𝑏 on the horizontal
axis represents the most quantity demanded of the good at the lowest zero price. In fact, this
𝛼
is the saturation point and for the specification (1.3), we will have 𝑄𝑏 = .
𝛽

𝑃
𝑃𝑎
𝑃2

𝑃1

𝑄2
Figure 1.1 Linear demand curve
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Demand curve, in most instances, is not a straight line; rather, it can also be a non-linear
curve, i.e., a rectangular hyperbola (Figure 1.2). This type of demand curve is symmetric
around the bisector of the price (𝑃) and quantity (𝑄) axes. In addition, at any given locus on
it the multiplication of its distances from price and quantity axes is always the same
(Figure 1.2). The mathematical formula of the rectangular hyperbola demand curve shall be
written as:
𝑄𝐷𝑋 =

𝑎
𝑃𝑥

(1.5)

And its example schedule is as shown in Table 1.2:
Table 1.2 Demand schedule according to rectangular hyperbola demand
Price (𝑃𝑥 )
Quantity per month (𝑄𝑥 )

10
100

6
130

4
140

3
160

1
200

𝑃

𝑃2

𝑃1

𝑄2
Figure 1.2 Rectangular hyperbola demand curve

1.2. Consumer Surplus
The area under the demand curve is interpreted as the consumers’ willingness to pay for a
good. Consumer surplus is indicated by the area under the demand curve and above the price,
for example 𝑀𝐵𝑃2 triangle for the price 𝑃2 . Hence, the consumer surplus is the difference
between the price a consumer is willing to pay and the price they actually do pay. In fact, it
is a criterion for measuring economic welfare of consumers (Figure 1.3).

𝑄1
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𝑃
𝑀
𝐵
𝑃1
𝐴

𝑃1

𝑄2

𝑄1

𝑄

Figure 1.3 Consumer surplus

1.3. The Law of Downward Sloping Demand
As shown in Table 1.1 and Figure 1.1, the consumers demand a greater quantity at lower
price levels of a good, and the demand declines as the price increases. The inverse
relationship between price and demand reflected in the negative slope of demand.2 With the
exception of some very rare cases like Giffen goods, the demand curve always has a
downward slope from left to right. This indicates that people purchase more of a good as its
price falls. In economic literature, this principle is known as the law of downward sloping
demand curve.3 It is important to note that the law of downward sloping demand curve is not
the movement from one demand curve to another, but rather the movement along the locus
of the same demand curve.

1.3.1. Demand Shift
When any of variables are assumed unchanged in Equation 1.1 shifts, the demand curve shifts
as well. This shift in demand generally is divided into the following two categories:

1.3.1.1. Change in the Quantity Demanded
This change occurs as a result of change in the price of the good and is illustrated by a
movement along the demand curve. In this case, the demand curve remains unchanged. For
example, if the price falls from 𝑃𝑎 to 𝑃𝑏 , the quantity demanded will increase from 𝑄𝑎 to 𝑄𝑏 .
In this instance, the demand curve does not shift, but rather the change occurs along the curve
line (Figure 1.4).
2

In many economic texts, the law of downward sloping demand also referred to as the law of demand.

3

The law of downward sloping Demand only holds for normal goods, because as the income increases, the demand
goes up too, and there is an inverse case for the latter argument.
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𝑃

𝐴
𝑃𝑎

𝑃𝑏

𝑄𝑎
Figure 1.4 Change along the demand curve

1.3.1.2. Shift in Demand
This type of change occurs as a result of change in factors, other than price, affecting the
demand, and causes the demand curve to shift. This type of change is known as shift in
demand (Figure 1.5).

𝑃

𝑃𝑎

𝑄𝑥𝐷′
𝑄𝑥𝐷
𝑄𝑎

𝑄𝑏

Figure 1.5 Geometric graph of shift in demand curve

𝑄
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1.4. The Effect of Change in Income on the Demand Curve4
When the income increases, ceteris paribus, the quantity demanded generally increases. In
other words, at the same price, the consumer would purchase a greater quantity of the good
in a given unit of time. As the income increases, the consumer demand curve shifts upward.
If changes in income and consumption go in the same direction (

𝑑𝑄𝑥
𝑑𝐼

> 0), then, the good

is called a normal one. To put it another way, a normal good is a good for which the demand
increases when the consumer’s income increases. This good would also experience a
decrease in demand when the consumers’ income decreases (Figure 1.6).

𝐼

𝐼2

𝐼1

𝑄1

𝑄2

Q

Figure 1.6 Consumption-income curve for a normal good

Now, if changes in income and demand go in opposite directions, which happens when
an increase in income is followed by a decrease in the consumption of a certain good (

𝑑𝑄𝑥
𝑑𝐼

<

0), the good is called an inferior good.
In economic literature, a Giffen good5 (Giffen’s paradox) is an especial type of inferior
good whose demand curve always slopes upwards. Another way to distinguish inferior goods
from normal ones is to examine the arc elasticity of demand which will be briefly addressed
in the subsequent sections.

4

In economics, the curve, which shows the relationship between consumption and income, ceteris paribus, known
as Engel Curve.
5 Giffen good is a good that is consumed more when its price increases and violates the law of diminishing demand.
Under normal conditions, if the price of a good increases, the substitution effect makes the consumers purchase a
smaller amount of that good and use a greater amount of the substitute goods. Therefore, the income effect governs
the Giffen good consumption and makes the consumers buy a greater amount of the Giffen good even if its price
increases.
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𝐼

𝐼2

𝐴

𝐼1

𝑄2
Figure 1.7 Consumption-income curve for inferior goods

If there is no relationship between the changes in income and the consumption of a good
(

𝑑𝑄𝑥
𝑑𝐼

= 0), then we will have a neutral good or an income-independent good (Figure 1.8).

𝐼

𝐼2

𝐴

𝐼1

𝐵

𝑄

𝑄1
Figure 1.8 Consumption-income curve for neutral goods

According to what was mentioned above, the effects of income change on shifts of
demand curve, or similarly Engel curve, are summarized in Table 1.3:
Table 1.3 Changes in income, demand curve and nature of the good
Type of good
Normal
Inferior
Neutral

Changes
Income
+
+

Demand
+
-

+/-

Unchanged

Another notable point about demand curve is that the producers’ total revenue curve is
dependent on demand curve. Before we start the discussions about the relation between
demand curve and the producer’s average revenue, it is necessary to explain the following
terms.
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1.4.1. Total Revenue
Total revenue (𝑇𝑅) refers to the total amount of money that a firm receives from selling a
certain amount of its product. Total revenue equals the quantity of the product sold (𝑄)
multiplied by the price at which it is sold (𝑃) (Equation 1.6).
𝑇𝑅 = 𝑃 × 𝑄

(1.6)

1.4.2. Average Revenue
Average revenue is defined as the ratio of the total revenue received from sales over the
quantity of the product sold:
𝐴𝑅 =

𝑇𝑅
𝑄

(1.7)

If the value of total revenue in Equation 1.7 is substituted by Equation 1.6, then it is
concluded that the average revenue is equal to the price at which the product is sold (𝑃)
(Equation 1.8).
𝐴𝑅 =

𝑇𝑅
𝑃𝑄
=
= 𝑃
𝑄
𝑄

(1.8)

According to the linear representation of demand curve in Equation 1.4, and since the
consumers’ demand curve is also the producers’ average revenue curve, we may have:
𝑃 = 𝛼 − 𝛽𝑄 𝑜𝑟 𝐴𝑅 = 𝛼 − 𝛽𝑄

(1.9)

1.4.3. Marginal Revenue
Marginal revenue (𝑀𝑅) is the total revenue resulted from the sale of one additional unit of
the product per unit of time.
𝑀𝑅 =

∆𝑇𝑅
∆𝑄

(1.10)

By substituting the Equation 1.4 into Equation 1.6, the Equation 1.11 is obtained, i.e., the
mathematical equation of the producer’s total revenue curve.
𝑇𝑅 = 𝑄 × (𝛼 − 𝛽𝑄) → 𝑇𝑅 = 𝛼𝑄 − 𝛽𝑄2

(1.11)
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Total revenue curve is an incomplete, inverted parabola, quadratic function. The
geometrical representation of this function shown in Figure 1.9. As seen in this figure, the
total revenue curve always ascends to the point where the marginal revenue is still positive
and then descends afterwards.

𝑃

Total Revenue

Marginal
Revenue Curve

Figure 1.9 Deriving the total revenue curve from the marginal revenue
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1.4.4. The Effect of Changes in the Price of other Goods on the
Demand Curve
Any change in consumers’ tastes causes the demand curve to shift, such that when the
inclination to consume increases, the consumer’s demand curve shifts up and to the right. On
the contrary, if the consumers’ desire decreases, the demand curve shifts downward and to
the left.
Now, if the price of a substitute good6 (𝑦) increases, the consumers’ demand curve for
the other (𝑥) shifts up and if the price of a complementary good increases, the demand curve
of the other one shifts down. Substitute goods are those, which have the same function and
are used interchangeably. When the price of one of the substitute goods rises, the demand for
the other one increases and vice versa.
Complementary goods are those, which are consumed together; therefore, they
complement each other to meet the consumer’s needs. When the price of one of these goods
(𝑃𝑥 ) increases, the quantity demanded of the other (𝑄𝑦 ) decreases and vice versa. (Table 1.4).
Independent goods are those goods whose quantity demanded remains unchanged as the
income level or price of the other changes.
Table 1.4 A comparison between reactions of complementary substitute goods to price change

Good

Substitute Good
Before increase

Complementary Good

After increase

Before increase

After increase

Price (𝑃) Quantity (𝑄) Price (𝑃) Quantity (𝑄) Price (𝑃) Quantity (𝑄)
𝑋
𝑌

15
8

45
35

25
8

25
42

15
8

45
35

Price (𝑃)

Quantity (𝑄)

25
8

25
30

To put it another way, if changes in the price of good 𝑥 (𝑃𝑥 ) and the quantity of good y
(𝑄𝑦 ) go in the same direction, these two goods are substitutes (

𝑑𝑄𝑥𝐷
𝑑𝑃𝑦

> 0). On the other hand,

if these changes go in opposite directions, the two goods are complementary (
addition, if changes do not affect each other (

𝑑𝑄𝑥𝐷
𝑑𝑃𝑦

𝑑𝑃𝑦

< 0). In

= 0), the goods are independent (Table

1.5).

6

𝑑𝑄𝑥𝐷

In many economic texts, the term “substitute good” also referred to as “rival good”.
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Table 1.5 Different conditions of goods based on effects of change in price
Type of good

Price (𝑃𝑦 )

Consumption (𝑄𝑥 )

Substitute
Complementary
Independent

Increase
Increase
Increase/ decrease

Increase
Decrease
Unclear

1.5. Supply Theory
Supply is the quantity of a good or service that a producer makes available on the market at
a given price if all other factors remain the same. Alternatively, supply is defined as the
lowest level of the price at which the producer is willing to provide a certain quantity of good
or service over a given time. In other words, it is the highest quantity of a good or service
that the producer is willing to sell at given different prices over a given time. The quantity
that any producer supplies depends on the price of the good, the price of other goods,
production cost, production technology, expected prices, and possible other factors:
𝑄𝑋𝑆 = 𝑓(𝑃𝑥  𝑃𝑦  𝑇𝐶 𝑇 𝐸 𝑇𝑆)

(1.12)

In this equation:
𝑃𝑥 : The price of the good.
𝑃𝑦 : The price of other goods.
𝑇𝐶: Production costs, or the price of production factors.
𝐸: The expected price.
𝑇𝑆: Tax and subsidy, e.g.
In Equation 1.12, if all variables except the price of selling good is assumed to be constant,
we may have the supply function written as:
𝑄𝑋𝑆 = 𝐹 (𝑃𝑋 )

(1.13)

The market supply curve is obtained by horizontally adding the curves of the individual
good suppliers. In normal conditions, the slope of market supply curve is smaller than the
supply curve of individual producers 7 . The supply curve is shown through mathematical
functions, a geometrical diagram, or a table like Table 1.6. A linear presentation of supply
function, on the assumption that the price changes and the other variables remain constant,
shown in Equation 1.14. Given this, the mathematical equation of the inverse supply function,
that is called supply curve, is as shown in Equation 1.15.
7

If the supply curves are linear and non-identical, the supply curve of the whole market will be a broken line and if
there are infinite numbers of non-identical supplies in the market, the supply curve will be non-linear.
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𝛾 1
𝑄𝑥𝑆 = − + 𝑃𝑥
𝛿 𝛿
𝑃𝑥 = 𝛾 + 𝛿𝑄𝑋𝑆

(1.14)
(1.15)

According to Equation 1.14, at price 𝛾 the quantity supplied is equal to zero. This price,
in economic terms, is called base price. The supply curve has an upward slope, which means
that there is a direct relationship between the price and the quantity supplied.
Table 1.6 A supply schedule with assumed data
Price (𝑃𝑥 )
Quantity per Month (𝑄𝑥 )

0
0

1
5

2
8

3
14

4
18

5
24

6
32

Table 1.6 presents the quantity supplied by a producer to the market at different prices
over a certain period. The higher the price of a good is, the greater the quantity supplied
becomes and vice versa. The geometric representation of the inverse supply function is as
shown in Figure 1.10. This figure shows that the lower the price of a good is, the smaller the
quantity supplied becomes, and vice versa.

𝑃

𝑃2
𝑃1

𝑄2

𝑄1
Figure 1.10 Supply curve

1.5.1. Shifts in Supply Curve
Any change in the variables that affect supply, variables in Equation 1.15, will lead to a
change in quantity supplied or shift in the supply curve. In this case, the following two
scenarios are possible:

1.5.1.1. Change in Quantity Supplied
Change in quantity supplied, caused by a change in the price of the good and other things
equal, is illustrated by movement along the supply curve (Figure 1.11). As seen in Figure
1.11, when the price falls from 𝑃𝑏 to 𝑃𝑎 , the quantity supplied also falls from point 𝐵 to point
𝐴.
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𝑃

𝑃𝑏
𝑃𝑎

𝐴

𝑄𝑎
Figure 1.11 Representation of change along supply curve in effect of a price decline

1.5.1.2. Change in Supply
This shift is caused by a change in factors other than price affecting the variables in Equation
1.12. This change is known as shift in supply (Figure 1.12). For example, if for some reason,
the production costs increase or the production technology is weakened, the supply curve
will shift to the left, which is a decrease in supply; or if the production costs decrease or the
production technology is improved, the supply curve will shift to the right, which is an
increase in supply.

𝑃

𝑃1

𝑄
Figure 1.12 Representation of a shift in supply curve

Microeconomics: Theory and Issues | 15

1.5.2. Supply Curve: Special Cases
In general, the supply curve has a positive slope, however, in some special cases; it can be
vertical or horizontal.

1.5.2.1. Vertical Supply Curve
In many economic contexts, the supply curve is vertical. This situation occurs when the
quantity supplied is fixed and the supply cannot be increased in the short run. This may
happen because factors such as labor and capital are not flexible in the short run. Hence, the
price and the quantity demanded do not affect the quantity supplied in such situation. In turn,
the elasticity of a vertical supply curve is equal to zero (Figure 1.13).
𝑃

𝑃𝑏
𝑃𝑎

Figure 1.13 Representation of the vertical supply curve

1.5.2.2. Horizontal Supply Curve
The supply curve of a good or service that is only offered to a certain group of consumers
may be horizontal (Figure 1.14). The volume of water supplied by regional water companies
to urban water and wastewater companies is an example of a horizontal supply curve,
meaning that water is sold to urban water and wastewater companies at a fixed regulated
price, regardless of the required level.

𝑃

𝑃𝑎

𝐴

𝑄𝑎
Figure 1.14 Representation of horizontal supply curve

𝑃𝑥 = 𝑎
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1.6. Producer Surplus
Producer surplus (𝑃𝑆) is the difference between the amount the producer actually receives
and the minimum amount the producer is willing to accept for selling a product. This
deduction shows that the supply curve of a manufacturing enterprise is, in fact, its marginal
cost function. To depict producer surplus, imagine the total revenue of the enterprise;
according to Figure 1.15, at the production level of (𝑄2 ) total revenue is equal to the area of
the quadrilateral (𝑂𝑃2 𝐴𝑄2 ) and their total cost is equal to the area of ( 𝑂𝑃1 𝐴𝑄2 ). The
difference between these two areas (𝑃1 𝑃2 𝐴) is the producer surplus, which is the area above
the supply curve.

𝑃
𝐴

𝑃2
𝑃1

𝑂

𝑄2

Figure 1.15 Producer surplus graph

1.7. Equilibrium
Economic equilibrium occurs when two supply and demand curves reach balance at a single
amount and value, such that there is no inherent tendency to change that single point. Market
equilibrium refers to a state in which, as a result of consumer and producer behavior, amount
of supply and demand become equal. The outcome of this relationship is the equilibrium in
price (𝑃 ∗ ) and quantity (𝑄 ∗ ) (Figure 1.16). In general, equilibrium refers to a state in which
there is no incentive, motivation or force to change either consumers’ or producers’ behavior.
𝑃
𝐸
𝑃∗

𝑄
Figure 1.16 Geometric representation of market equilibrium
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As seen in Figure 1.16, E is the locus of the equilibrium point, 𝑃 ∗ is the equilibrium price
and 𝑄 ∗ is the equilibrium quantity. Mathematically speaking, the equilibrium price and
quantity point for both the demand function (Equation 1.3) and supply function (Equation
1.13) are calculated by Equation 1.16.
𝑃𝑋𝑆 = 𝑃𝑋𝐷
𝛼𝛿 + 𝛾𝛽
𝑃∗ =
𝛿+𝛽
𝛼−𝛾
∗
𝑄 =
𝛿+𝛽

(1.16)

According to this equation, since the value of 𝑃 and 𝑄 are always positive (𝑄, 𝑃 > 0), the
𝛿 + 𝛽 ≠ 0 is always true in Equation 1.16.
Equilibrium achieved in the market if supply and demand are equal. In other words, when
the market is in equilibrium, there is no excess demand or supply and their values equal zero,
because, at prices above the equilibrium level (𝑝 > 𝑝∗ ), the quantity supplied is greater than
the quantity demanded (𝑄𝐷 < 𝑄𝑆 ) and this causes the equilibrium price to shift down. The
quantity demanded at prices below the equilibrium level (𝑝 < 𝑝∗ ), is greater than the quantity
supplied (𝑄𝐷 > 𝑄𝑆 ), hence a shortage occurs pushing the prices up towards the equilibrium
level. This type of equilibrium is known as the stable equilibrium.

1.8. Elasticity
Generally speaking, elasticity is a measure of relative change in one variable with respect to
that of another one. In economics, price elasticity is defined as the relative sensitivity of
demand for a good with respect to relative change in its price. The concept of elasticity is
used for the analysis of economic issues, decision-making, planning, etc.
For example, the strategy of a manufacturing enterprise for setting the price of a good
over time depends largely on the price elasticity, among several other factors. If a
manufacturing firm increases the price of an elastic good, its revenue decreases; adopting the
same policy for an inelastic good will have the opposite effect on the revenue. The analysis
and accurate estimation of the variables affecting the demand are of great importance for
manufacturing firms, because these measures help them make the best decisions in the short
run and provide them with a basis for their long-term plans. While many elasticities can be
measured; however, of all the different types of elasticities, price elasticity of demand,
income elasticity of demand, cross-price elasticity of demand, and price elasticity of supply
have the widest application.8

8

The slope of supply curve is different from that of the demand curve as the latter is a function of the measurement
unit. However, elasticity is not a function of the measurement unit. The slope of the demand curve is always a
single constant value. However, elasticity changes according to different prices.
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1.8.1. Price Elasticity of Demand
Price elasticity of demand refers to the relative percentage changes in the quantity demanded
to the percentage changes in the price and is calculated according to Equation 1.17. Price
elasticity of demand shows by what percentage the demand will change if there is a certain
percentage change in its price. In other words, it shows average percentage the quantity
demanded of a good would change, if the producer increased its selling price as much as 1
percent.
𝐸𝑝 = −

𝛥𝑄 𝑃
×
𝛥𝑃 𝑄

(1.17)

Equation 1.17 is used to calculate the partial point elasticity of demand with respect to
the price at a given point on the demand curve. However, when the demand curve is a
hyperbola or when measuring the elasticity between two points on the demand curve,
Equation 1.17 is replaced with Equation 1.18 to avoid inconsistent results. This approach is
known as the average method.
𝐸𝑝 = −

𝑄2 − 𝑄1
𝑃2 + 𝑃1
×
𝑃2 − 𝑃1
𝑄2 + 𝑄1

(1.18)

Since demand and price are always inversely related, the price elasticity of demand is
invariably negative; therefore, a negative sign is placed in the formula to make the price
elasticity positive. Different types of price elasticity of demand are presented in Table 1.7.
These types will be further examined by drawing their relevant geometric schemas.
Table 1.7 Different types of price elasticity of demand
Elasticity value

Type of good

𝐸𝑝 > 1

Elastic

𝐸𝑝 < 1

Inelastic

𝐸𝑝 = 1

Unit-elastic

𝐸𝑝 = 0

Perfectly inelastic

Description
Percentage change in quantity demanded is greater than percentage
change in price.
Percentage change in quantity demanded is smaller than percentage
changes in price.
Percentage change in quantity demanded is equal to percentage
change in price.
Quantity demanded does not show any sensitivity to Price changes.

Price elasticity (𝐸𝑝 > 1) or inelasticity (𝐸𝑝 < 1) of demand is assessed and analyzed
through drawing geometric graphs (Figure 1.17).
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𝑃

𝑃

Good A
(I)

Good B
(II)

𝑃2
𝑃1

𝑄1

𝑄2

𝑄

𝑄3

𝑄4

𝑄

Figure 1.17 Price elasticity and inelasticity of demand

Figure 1.17 shows that if prices of the assumed goods A and B fall from 𝑃2 to 𝑃1 , the
quantity demanded of good A in part 1 will increase by 𝑄2 − 𝑄1 unit, while in part II, the
demand for good B will increase by 𝑄4 − 𝑄3 unit. This clearly shows that the demand for
good 𝐴 is more elastic than that of good B.
If the quantity and price information is available in the form of geometric representation,
the price elasticity of demand, in absolute value, will be equal to the calculated elasticity at
any point on the demand curve. Price elasticity of demand, in geometrical terms, is equal to
the midpoint of two given points at which the price changes (Equation 1.19 and Figure 1.18).
It is worth mentioning that the value of price elasticity of demand at points 𝑁 and 𝑃𝑎 is
zero and infinite, respectively.
𝐸𝑃 = −

∆𝑄
𝑃
𝑀𝑁
𝑃
𝑀𝑁
× =−
×
=−
∆𝑃
𝑄
𝑃
𝑂𝑀
𝑂𝑀

(1.19)

𝑃

𝑃𝑎
𝑃

𝑂

𝐶

𝑀

𝑁

𝑄

Figure 1.18 Geometrical calculation of price elasticity of demand

If the demand curve is not linear and is in the shape of a hyperbola, a tangent line should
be drawn for any given point on the demand curve and then the elasticity should be measured
at that point as it is done for a linear demand curve (Equation 1.20 and Figure 1.19).
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𝐸𝑃 =

𝑀𝐿
𝑂𝑀

(1.20)

𝑃

𝐶

𝑂

𝑀

Figure 1.19 Calculation of the price elasticity of demand for hyperbolic curves

For example, if the hypothetical information of the points 𝐴 and 𝐵 is as shown in Table
1.8, according to Equation 1.17, the price elasticity of demand will be approximately 2/14.
Table 1.8 Hypothetical information for calculating price elasticity of demand
Point

Price (Rial)

Quantity per month (𝑄𝑥 )

Point 𝐴

10

35

Point 𝐵

8

50

50 – 35
] × (10/35)|
8 – 10
𝐸𝑝 (𝐴 𝐵) = |(15/−2) × (10/35)|
𝐸𝑝 (𝐴 𝐵) = | − 2.14| = 2.14

𝐸𝑝 (𝐴 𝐵) = | [

The value of price elasticity of demand indicates that an elastic demand exists between
points 𝐴 and 𝐵. In other words, a one percent decline in price will lead to a 2.14 percent
increase in the quantity demanded. The price elasticity of demand, when the demand equation
is available, is calculated by differentiating the demand function. For example, if the demand
function is as shown in Equation 1.21, then the value of demand elasticity, with respect to
price and quantity, will be calculated by Equations 1.22 and 1.23, respectively.
𝑃 = 𝛼 − 𝛽𝑄
𝛼 𝑃
𝑄= −
𝛽 𝛽
1 𝛼 − 𝛽𝑄
𝐸𝑃 = (
)
𝛽
𝑄

(1.21)
(1.22)
(1.23)

𝐿
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1.8.2. Different Types of Price Elasticity of Demand
Regarding the specific conditions affecting price elasticity of demand, there are different
types of price elasticity of demand, which are briefly addressed below.

1.8.2.1. Perfectly Inelastic Demand
This situation arises when changes in price do not cause any change in the quantity
demanded. In this case, the value of elasticity, equals zero (Figure 1.20).

𝑃
Demand
𝑃2
𝑃1

𝑄
Figure 1.20 Geometric representation of the perfectly inelastic demand

1.8.2.2. Perfectly Elastic Demand
In this case, the demand is absolutely elastic. In other words, a very small change in price
will cause a drastic change in the quantity demanded. In this case, the demand is perfectly
elastic and the value of elasticity assumed to be negative infinity (Figure 1.21).
𝑃
𝑃𝑎

𝐸𝑝 = −∞

𝑄1

Demand

𝑄2

𝑄

Figure 1.21 Geometric representation of the perfectly elastic demand
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1.8.2.3. Relatively Inelastic Demand
If change in the quantity demanded is relatively smaller than change in price, the demand
will be relatively inelastic (𝛥𝑃 > 𝛥𝑄) (Figure 1.22).
𝑃
𝑃

Demand
𝑃′

𝑄

𝑄′

𝑄

Figure 1.22 Relatively inelastic demand

1.8.2.4. Unitary Elastic Demand
If change in the quantity demanded is proportionate to change in price, the demand will be
unitary elastic. In this case, a one percent change in the price of a good will lead to a one
percent change in the quantity demanded of that good (Figure 1.23).

𝑃

𝐸

𝑃

𝑃′

𝑄
Figure 1.23 Unitary elastic demand (hyperbola)

𝑄′
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1.8.2.5. Relatively Elastic Demand
If change in quantity demanded is greater than change in price, the demand is relatively
elastic (𝛥𝑃 < 𝛥𝑄) (Figure 1.24).

𝑃
−∞ < 𝐸𝑃 < −1
𝑃2

𝐴

𝐵
𝑃1

𝑄1

𝑄2

𝑄

Figure 1.24 Representation of the relatively elastic demand

From the above-mentioned discussions, it can be concluded that the demand curve may
have different elasticities at different points (Figure 1.25). The value of elasticity, as seen in
the following figure, is infinite at point 𝑃 ∗ and zero at point 𝑄 ∗ .

𝑃

𝑃∗

Figure 1.25 Elasticity of linear demand at different points

|𝐸| >
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1.8.3. Price Elasticity of Demand and Total Revenue
Total revenue, specified as price multiplied by the quantity of products sold, is of
considerable importance in the study of market supply and demand. In fact, the total revenue
of manufacturing firms is equal to the consumer cost and has a close relationship with
demand function.
When a good is elastic, as the price increases, the total revenue of the producer will
decrease. In this case, any increase in the price will lead to a decrease in the quantity
demanded which in turn results in a decrease in the total revenue of the supplier (Figure 1.26).

𝑃

Total
Revenue
𝑃

𝑂

𝑃

𝑃′

𝑂
Figure 1.26 Total revenue changes resulting from changes in price (elastic good)

As seen in Figure 1.26, for an elastic good, any increase in price will lead to a decrease
in total revenue. The total revenue of the supplier in the figure above, before the increase in

𝐴

𝑄`
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price, is the area of (𝑂𝑃𝐴𝑄). After the price increases, the total revenue of the supplier
changes to the area of (𝑂𝑃′𝐴𝑄′).
When the elasticity is equal to one, an increase in price does not bring about any changes
in the revenue of the producer, because the quantity demanded decreases by the same
percentage as the increase in price (Figure 1.27).

Befo
𝑃

Total revenue
𝑃

𝑂

After
𝑃

𝑃′

𝑂
Figure 1.27 Total revenue changes resulting from the changes in price (unitary elasticity)

If demand for a good is unitary elastic, the increase in price does not affect the demand,
thus the revenue of the producer remains unchanged. The total revenue in Figure 1.26, before
the increase in price, equals the area of (𝑄𝑃𝐴𝑄). After the increase in price, the total revenue
equals the area of (𝑂𝑃′𝐵𝑄′) which has remained unchanged despite the change in price.
Finally, if the good is inelastic, any increase in price will lead to a small decrease in the
quantity demanded, however, due to the price increase, the total revenue of the producer will
increase, as well (compare areas of (𝑄𝑃𝐴𝑄) and (𝑂𝑃′𝐵𝑄′) in Figure 1.28).

𝑄′
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𝑃
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𝑃

𝑂
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𝑃
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𝑃
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Figure 1.28 Total revenue changes resulting from changes in price (inelastic good)

Based on the discussions above, the effect of changes in price on elasticity, and total
revenue may be summarized as shown in Table 1.9 and Table 1.10 (hypothetical information
sample).
Table 1.9 Summary of changes in price, Elasticity, and total revenue
Elastic demand (𝑒𝑑 > 1)

Inelastic demand (𝑒𝑑 < 1)

Price decrease

Increase in total revenue

Decrease in total revenue

Price increase

Decrease in total revenue

Increase in total revenue

Price changes
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Table 1.10 Elasticity of linear demand with hypothetical information
Price (𝑃)

Quantity
(𝑄)

Percentage
change in
price (𝛥𝑃/𝑃)

Percentage change
in quantity (𝛥𝑄/𝑄)

Amount of
elasticity
(𝐸)

Type of
elasticity

12

0

-

-

-

elastic

10

200

0.20

1

5.00

elastic

8

400

0.25

0.50

2.00

elastic

6

600

0.33

0.33

1

unit-elastic

4

800

1

0.25

0.25

inelastic

2

1000

0.50

0.20

0.40

inelastic

1200

-

-

-

inelastic

0

1.8.4. Factors Affecting Elasticity of Demand
The most important factors affecting price elasticity of demand and having an influence on
supplier decisions and strategic plans are as follows:
1. The greater the number of substitutes a good has, the greater its price elasticity will be,
because when its price rises, the demand transfers to its substitutes.
2. When long-run decisions are analyzed, the price elasticity of demand might be greater;
because it would be more likely to find similar and substitute goods in the long-run.
3. The cheaper a good is, the less responsive consumers might to variations in price.
4. The larger share of consumer expenditure spent on a certain good, the greater its
elasticity of demand may be. If a certain good has an insignificant share in the household
expenditure, the consumers might not show much sensitivity to changes in its price.
5. The wider applications of a good is, the greater its price elasticity may be. When the
price of a good with various applications increases, it is possible to use it less often in
unimportant applications.

1.8.4.1. Income Elasticity of Demand
Income elasticity of demand refers to the percentage change in quantity demanded with
respect to a percentage increase in income (Equation 1.24). The concept of income elasticity
of demand seems especially important for manufacturing firms with respect to the estimation
of the supply function of their products and the prediction of future demand. In fact, income
elasticity of demand measures shifts in demand. To avoid inconsistent results, like the price
elasticity of demand, Equation 1.25 can also be used.
∆𝑄 𝑀
×
∆𝑀 𝑄
𝑄2 − 𝑄1
𝑀2 + 𝑀1
𝐸𝑀 =
×
𝑀2 − 𝑀1
𝑄2 + 𝑄1
𝐸𝑀 =

(1.24)
(1.25)
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Income elasticity of demand shows by what percentage the demand would averagely
change if there is a one percentage increase in income. If income elasticity is greater than
one, demand for a good or service grows faster than consumer income; or when consumer
income decreases, demand will decrease faster than consumer income. Thus, income
elasticity of demand plays a very crucial role in the decision-making practices of
manufacturing firms in any given industry or even at a national level. For example, it can
improve the gross national product with respect to consumer income. The different types of
income elasticity of demand are always in accordance with values and descriptions shown in
Table 1.11.
Table 1.11 Different types of income elasticity of demand
Value of elasticity

𝐸𝑀 > 1

Type of good

Description

Luxury

Percentage change of demand is greater than percentage
change of income, i.e. a decrease in income will cause
demand to decrease at a greater rate than the decrease in
income.

𝐸𝑀 < 0

Inferior

Percentage change of demand is smaller than percentage
change of income and both changes go in the same
direction; in other words, decreases in income will lead to
a smaller decrease in demand.
As income increases, consumer demand will decrease and
vice versa.

𝐸𝑀 = 0

Neutral

Consumer demand is independent of changes in income.

0 < 𝐸𝑀 < 1

Necessities

The relationship between income and demand is measured through an Engel curve. It
enables the calculation of income elasticity of demand at any point on the curve. In this case,
there are different situations in accordance with Table 1.12 and Figure 1.29.
Table 1.12 Different states of income elasticity of demand
State

Value of elasticity

Being linear and passing through the origin

Equal to one at all points

Being parallel with the income axis

Zero

Being parallel with the demand axis

Infinite

Crossing the income axis

Greater than one

Crossing the demand axis

Less than one
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𝑦

𝐸𝑚 = 0

Figure 1.29 Different states of income elasticity of demand

1.8.4.2. Cross Elasticity of Demand
The coefficient of cross elasticity of demand for good 𝑥 with respect to good 𝑦 (𝐸𝑥𝑦 ) refers
to the percentage change in quantity demanded of good 𝑥 resulting from a percentage change
in the price of good 𝑦 per unit of time. Cross elasticity of demand is mostly used for goods
in a particular industry because it indicates how substitute or complement these different
goods are. Cross elasticity of demand is calculated by Equation 1.26:
𝐸𝑥𝑦 =

∆𝑄𝑥 𝑃𝑦
×
∆𝑄𝑦 𝑄𝑥

(1.26)

In order to improve results and achieve greater accuracy, Equation 1.27 is employed to
calculate arc cross elasticity of demand. Different states of cross elasticity of demand are
shown in Table 1.13.
𝐸𝑥𝑦 =

𝑃𝑦2 + 𝑃𝑦1
𝑄𝑥2 − 𝑄𝑥1
×
𝑀𝑦2 − 𝑀𝑦1 𝑄𝑥2 + 𝑄𝑥1

(1.27)

Table 1.13 Different types of cross elasticity of demand
Value of elasticity

Type of goods (𝑥 , 𝑦)

𝐸𝑥𝑦 > 0

Substitute

𝐸𝑥𝑦 < 0

Complementary

𝐸𝑥𝑦 = 0

Independent

Description
A potential increase in price of good 𝑥 would lead to an
increase in demand for good 𝑦.
A potential increase in price of good 𝑥 would lead to a
decrease in demand for good 𝑦.
A potential increase in price of good 𝑥 would not bring
about any change in consumer behavior towards good 𝑦.

𝐸𝑚 > 1
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1.8.4.3. Price Elasticity of Supply
The price elasticity of supply is defined according to the percentage change in quantity
supplied of the good divided by the percentage changes over a given period of time. Price
elasticity of supply is calculated as in Equation 1.28.
𝐸𝑆 =

∆𝑄 𝑃
×
∆𝑃 𝑄

(1.28)

When the supply curve is in the shape of a hyperbola or when calculating the elasticity
between two points on the supply curve, Equation 1.29, known as average or arc method is
employed to avoid inconsistent results with Equation 1.29 that provides point-wise elasticity.
𝐸𝑆 =

𝑄2 − 𝑄1 𝑃2 + 𝑃1
×
𝑃2 − 𝑃1 𝑄2 + 𝑄1

(1.29)

The slope of supply curve is positive, because price has a direct relationship with the
quantity supplied; therefore, price elasticity of supply is always considered positive. 9 The
different types of price elasticity of supply are shown in Figure 1.30 and Table 1.14.

𝑃

𝑂
Figure 1.30 Different types of price elasticity of supply

9

Some authors refer to it as supply law.

𝐸𝑆 = 0
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Table 1.14 Different types of price elasticity of supply
Value of elasticity

Type of elasticity

𝐸𝑠 > 1

Elastic

𝐸𝑠 < 1

Inelastic

𝐸𝑠 = 1

Unitary elastic

𝐸𝑠 = 0

Perfectly inelastic

𝐸𝑠 = ∞

Perfectly elastic

Description
Percentage change in quantity supplied would be greater
than percent change in price.
Percentage change in quantity supplied would be smaller
than percent change in price.
Changes in quantity supplied would be proportionately
equal to the changes in price.
Changes in price would have no impact on the quantity
supplied.
Small changes in price would have a massive impact on
the supply.

This type of elasticity, like other elasticities, is calculated through the information
provided in the supply schedule, supply curve (Figure 1.31) or supply equation. According
to Figure 1.31, price elasticity of supply at point 𝐴 , in geometrical terms, is equal to
(𝑀𝑄1 /𝑂𝑄1 ), and the same procedure is followed to calculate the price elasticity of supply in
other points.
𝑃

𝐴

𝑂

𝑀

𝑄1

𝑄

Figure 1.31 Calculation of price elasticity of supply

Mathematically speaking, if the supply curve is as shown in Equation 1.30, price elasticity
of supply will be calculated by Equations 1.31 and 1.32.
𝛾 1
𝑄𝑥𝑆 = − + 𝑃𝑥
𝛿 𝛿
𝑃
𝐸𝑆 =
𝛿𝑄
𝛿𝑄 + 𝛾
𝐸𝑆 =
𝛿𝑄

(1.30)
(1.31)
(1.32)
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1.9. Theories of Consumer Behavior Based on Utility
Theories of consumer behavior focus on the study and examination of two important issues,
i.e., the choice and substitution of goods and their reflection in demand. In economics, this
issue is concerned with analyzing the demand curve, its derivation and geometrical shape
implemented by two methods, namely, utility and indifference curve (ordinal utility).

1.9.1. Utility
Utility is the feeling of satisfaction or pleasure gained by consuming goods or services.
Although utility is not measurable, it is assumed that it can be considered as a hypothetical
number showing how the consumers order their choices. Therefore, the consumers’
knowledge about the utility of goods provides them with a useful guideline for the purchase
of goods. In other words, the consumer chooses a good that yields a utility greater than the
utility of the money they pay for it. The utility function of the two goods 𝑥 and 𝑦 shows the
mathematical relationship for the amount of utility gained by the consumer and the
consumption of different amounts of goods and services (Equation 1.33).
𝑈 = 𝑈(𝑋𝑌)

(1.33)

Utility function is an equation which shows the amount of utility derived from acquiring
goods by a consumer. Since the consumers have different tastes, their utility functions may
also be different. Equation 1.34 shows that it is possible to consider numerous different
bundles of two goods of 𝑦 and 𝑥 from which the consumer gains the same amount of utility;
in economic terms, these are called indifference curves (Equation 1.34). Indifference curves
will be addressed in the subsequent sections.
̅ = 𝑈(𝑋𝑌)
𝑈

(1.34)

1.9.1.1. Total Utility
Total utility is the utility derived from the consumption of a good or service, which increases
with the amount of consumption. As greater numbers of a good are used by the consumer per
unit of time, the total utility curve ascends until it reaches a certain point, which is called
saturation point, before descending (Figure 1.32).

1.9.1.2. Marginal Utility
Marginal utility with respect to consuming a good is the utility derived from the last unit of
the good consumed. The consumers demand a good because its consumption gives them
satisfaction. Under normal conditions, the total utility rises and the marginal utility

Microeconomics: Theory and Issues | 33
diminishes over time, which is called the first law of Gossen1 . The diminishing nature of the
marginal utility indicates that the amount added to the total utility gained by the consumption
of one additional unit of that good decrease, the more that good is consumed. At a certain
level of consumption, the total utility is at its maximum and the marginal utility is zero. This
level of consumption is known as the saturation point.
The marginal utility curve represents consumer demand; this is because consumers pay
for the utility they yield by consuming a good (Figure 1.32).

0

Saturatio

𝑢

𝑑𝑢

𝑏
𝑂
Figure 1.32 Total and marginal utility

1.9.2. Consumer Equilibrium
Consumers always attempt to allocate their income among different goods to gain maximum
utility. The most important consumer's constraints are income and the prices of the goods and
services. The solution of maximization problem is known as consumer equilibrium, which
entails decisions about how much the consumer will consume of a number of goods and
services. If consumers maximize their utility, while allocating their income to different
goods, they have to satisfy the following equation (Equation 1.35). This condition states that
the marginal utility per dollar spent on good 𝑖 must equal the marginal utility per dollar spent
on good 𝑗.
𝑀𝑈1 𝑀𝑈2
𝑀𝑈𝑛
=
=⋯=
𝑃1
𝑃2
𝑃𝑛

1

A German economist

0

(1.35)
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1.10. Indifference Curves

good (𝑦)

An indifference curve is the locus of the different combinations of goods yielding the same
utility to the consumer and consequently making the consumer indifferent in the locus of
indifference curve. In this method, various bundling of consumption is compared by and it
also examines how a consumer prefers a bundle among different bundles of goods.
Assuming bundles that the consumer is indifferent about various combinations of goods
x and 𝑦 in them, any combinations of 𝑥 and 𝑦 in those bundles would yield the same total
utility to the consumer; therefore, the consumer is indifferent about choosing among them. If
numbers combining these bundles are drawn on a coordinate plane, a curve would be
generated. This curve is called the indifference curve. At all points on the indifference curve,
the total utility is identical and since the consumer prefers more to less, the indifference curve
always has a negative slope (Figure 1.33).

𝑎 (𝑥1 , 𝑦1 )

𝑦1

𝑥1
Figure 1.33 A single indifference curve

good (𝑦)

Now, if more than one indifference curve, reflecting different preferences, is drawn on a
single two-dimensional coordinate plane, in economic terms, they are called indifference
curves (Figure 1.34).

𝑁
𝑀

Microeconomics: Theory and Issues | 35
Figure 1.34 Indifference curves

According to Figure 1.34, in the analysis of indifference curves, it is not necessary for the
consumer to determine the degree of utility gained by the consumption of the good. For
example, the utility gained by the consumer from bundle 𝑀 (on the curve 𝑈1 ) is less than the
utility gained from bundle 𝑁 (on the curve 𝑈3 ).

1.10.1. Special Cases of Indifference Curves
Figure 1.33 and Figure 1.34 represent the general geometrical shape of indifference curves,
however, in some special cases, indifference curves look like the following:

1.10.1.1. Perfect Substitutes

good (𝑦)

If the indifference curves are as illustrated in Figure 1.35, the two goods in question (𝑥 and
𝑦) are perfect substitutes for each other. In this case, one unit of good 𝑥 can be replaced by
one unit of good 𝑦. Under this condition, the slope of each indifference curve is constant.

3
2

1

1
Figure 1.35 Indifference curves of two perfect substitutes

1.10.1.2. Perfect Complements

(𝑦)

good

If the indifference curves are as illustrated by Figure 1.36, the two goods in question (𝑥 and
𝑦) are perfect complements to each other. In this case, each unit of good 𝑥 has to be consumed
along with one more unit of good 𝑦.
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Figure 1.36 Indifference curves of two perfect complements

1.10.1.3. Special Properties of Indifference Curves

good (𝑦)

Indifference curves have unique characteristics, which are as follows:
1. The indifference curves which are farther from the origin (Figure 1.37) offer higher
levels of utility. For example, in Figure 1.37, the utility level of curve 𝑈2 is higher
than curve 𝑈1 .

𝑈2
𝑈1
good (𝑥)
Figure 1.37 Indifference curves and their corresponding utility levels

3.
4.

5.

Indifference curves have a negative slope. Since the total utility on the locus of
indifference curves is constant, if good 𝑦 is consumed less, the total utility will
decrease; therefore, good x should be consumed more in order to increase the total
utility. Thus, the total utility remains constant.
Indifference curves do not intersect each other. Intersecting indifference curves
indicates inconsistent consumer behavior (Figure 1.38).
Indifference curves are convex to the origin. Indifference curves are convex because
the marginal rate of substitution is diminishing. This topic will be briefly addressed
in the next sections.
In between two indifference curves, there are several other indifference curves
which are always continuous.
good (𝑦)

2.

𝐴
𝑈2
𝑈1
good (x)
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Figure 1.38 Indifference curves and their utility level

1.10.2. Marginal Rate of Substitution
The marginal rate of substitution or the absolute value of the slope of the indifference curve
for goods 𝑥 and 𝑦 shows the average amount of good 𝑦 that the consumer has to give up, in
order to obtain one more unit of good 𝑥, besides maintaining the same level of total utility
that keeps the consumer on the same indifference curve. In fact, marginal rate of substitution
is the rate at which the consumer is willing to substitute two goods with each other. It is
defined mathematically by Equation 1.36:
𝑀𝑅𝑆𝑥𝑦 =

∆𝑦
∆𝑥

(1.36)

In general, the marginal rate of substitution is descending. In other words, the absolute
value of the slope of indifference curve is descending in amount of each good. Therefore, the
indifference curve is convex to the origin of the coordinate plane, because the absolute value
of the slope of indifference curve is diminishing.
Based on the above-mentioned points, if the consumer moves along the indifference
curve, the level of utility remains the same, which means that the amount of utility the
consumer loses by consuming good 𝑦 is equal to the amount of utility they gain from
consuming good 𝑥.
In conclusion, the marginal rate of substitution of good 𝑦 for good 𝑥 is equal to the ratio
of the marginal utility of good 𝑥 to the marginal utility of good 𝑦 (Equation 1.37).
𝑀𝑅𝑆𝑥𝑦 =

∆𝑦
𝑀𝑢𝑥
=−
∆𝑥
𝑀𝑢𝑦

(1.37)

1.11. Budget Line (Budget Constraint)
Budget line is the locus of different combinations of goods a consumer can purchase at certain
prices within their given income. By combining goods 𝑥 and 𝑦 and having the amount of
budget the consumer has allocated to them (I), the budget line will be generated on a
coordinate plane as shown in Figure 1.39. According to this figure, at point 𝐴, the consumer
can purchase 𝐼/𝑃𝑦 units of good 𝑦, and at point 𝐵, they can purchase a maximum of 𝐼/𝑃𝑥
units of good 𝑥.
General equation of budget line for goods 𝑥 and 𝑦 is as shown in Equation 1.38 and its
slope is calculated according to Equation 1.39. Budget line is always linear and has a
downward slope. It also shows the locus of all bundles of goods 𝑥 and 𝑦 the consumer can
afford, provided that the consumer spends the entire income on these two goods.
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𝐼 = (𝑃𝑥 × 𝑥) + (𝑃𝑦 × 𝑦)

(1.38)

𝑀𝑅𝑆 = (𝑑𝑦⁄𝑑𝑥) = −(𝑃𝑦 ⁄𝑃𝑥 )
(1.39)
Assuming that consumer income and the market price for goods 𝑥 and 𝑦 are available,
the budget line graph is drawn based on Equations 1.38 and 1.40.
𝐼
𝑃𝑥
− ×𝑥
𝑃𝑦 𝑃𝑦

(1.40)

good (𝑦)

𝑦=

𝐴

Budget l

Figure 1.39 Budget line for goods x and y

Now, by having the indifference curves and the budget line equation, if the consumer
wishes to obtain the best combination of goods 𝑥 and 𝑦, i.e. the maximum affordable utility,
they should reach the highest indifference curve within their income. This optimal purchase
combination is achieved through the tangency of budget line to an indifference curve (Figure
1.40) which is also called the consumer’s equilibrium point. Mathematically speaking, this
is modeled as shown in Equation 1.41.
𝑀𝑎𝑥: 𝑈 = 𝑈(𝑥𝑦)
𝑆𝑡:
𝐼 = (𝑃𝑥 × 𝑥) + (𝑃𝑦 × 𝑦)

(1.41)

Point E in Figure 1.40 is the consumer equilibrium point. Geometrically, it is where the
budget line of consumer is tangent to the highest possible indifference curve. This
combination of goods yields the highest utility level to the consumer with the income of I
dollars and given prices of goods 𝑥 and y. In mathematical terms, the condition for the
consumer equilibrium is as shown in Equation 1.42.
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𝑀𝑢𝑥 𝑃𝑥
=
𝑀𝑢𝑦 𝑃𝑦

good (𝑦)

(1.42)

𝐴

𝐸
𝑦1

𝑥1
Figure 1.40 Consumer equilibrium point

1.11.1. Conditions of Consumer Equilibrium
According to the above discussions, in order to examine what combination of goods 𝑥 and 𝑦
is chosen by the consumer with regard to various indifference curves, the budget line and the
indifference curves are drawn on a coordinate plane (Figure 1.40). Consumer equilibrium is
achieved when the indifference curve and the slope of budget line are tangent. To put it
another way, consumer equilibrium is achieved on condition that, absolute value of, slopes
of indifference curve and the budget line are equal. This condition is defined mathematically
as shown in Equation 1.43.
𝑑𝑦
𝑃𝑥
𝑈𝑥
=− =−
𝑑𝑥
𝑃𝑦
𝑈𝑦

(1.43)

Hence, point 𝐸 satisfies the conditions of consumer equilibrium, because it has the most
utility compared to the other points.
As previously mentioned, the necessary condition for consumer utility maximization is
equation of the budget line and indifference curve slopes, Equation 1.43. In addition to the
geometrical method, consumer utility maximization can be calculated through algebraic and
Lagrangian methods. In the algebraic method, in order to maximize consumer utility, based
on Equation 1.41 which includes an objective function, and a constraint function which are
utility and budget constraint respectively, the budget constraint is substituted into the
objective function. The Lagrangian method will be explained in chapter 3.
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1.11.2. Changes in Budget Line

good (𝑦)

Shift in budget line means that the budget line shifts to right or left while it remains parallel
to the original line. If the income of the consumer increases, the budget line will shift to the
right. If the income decreases, the budget line will shift to the left. Nevertheless, a change in
the slope of the budget line will cause the position of the consumer’s maximum utility,
consumer equilibrium, to change (Figure 1.41).
For example, if the price of good x increases, the budget line will change from 𝐴𝐵 to 𝐴𝐶
and if the price of good 𝑥 decreases, the budget line will change from 𝐴𝐵 to 𝐴𝐷.

𝐴

𝐶

𝐵

𝐷

good (𝑥)

Figure 1.41 Budget line changes

1.12. Derivation of Demand Curve
Based on the discussions above, the consumer’s demand curve is derived by knowing the
position of the consumer equilibrium and the state of demand with respect to changes in the
price of the good. Since the consumer wishes to permanently remain in the state of
equilibrium, as the price of a good change, the consumer adjusts their demand for that good
so that they can satisfy equations of the ratio of the marginal utility to the price of different
goods and remain in equilibrium.
This issue can be examined by looking at Figure 1.42. According to this figure, if the
price of good 𝑥 is 𝑃𝑥1 , the consumer demands 𝑥1 unit of it and its equilibrium point is 𝐸1 .
Now if the price of good x decreases to 𝑃𝑥2 , the slope of the budget line decreases and the
budget line shifts up and to the right, and the new equilibrium point of 𝐸2 is achieved. This
change in the equilibrium will cause the consumer to increase their demand for the good to
𝑥2 in order to obtain maximum utility.
So if the price of a good is 𝑃𝑥2 , the consumer will demand 𝑥1 unit of this good (point 𝐴),
and if its price falls to 𝑃𝑥2 , the quantity demanded will increase by 𝑥2 − 𝑥1 (point 𝐵). Two
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Good (𝑦)

points of the demand curve have been determined so far; therefore, the consumer demand
curve is derived by connecting these points (Figure 1.42).

𝐸2
𝐸1

Price Good (𝑥)

𝐼
𝑃𝑥1

𝐼
𝑃𝑥2

good (𝑥)

𝐴

𝑃𝑥1

𝐵
𝑃𝑥2

𝑥1

𝑥2

good (𝑥)

Figure 1.42 Derivation of consumer demand with respect to utility

1.12.1.1. Mathematical Derivation of Demand Functions (Ordinary and
Compensated)
Consider a consumer with income 𝐸 who buys goods 𝑥1 and 𝑥2 . Two types of assumptions
can be made for this person. The first assumption is concerned with the conditions in which
the prices of the goods have changed but the income has remained fixed. This consumer aims
to attain maximum utility with their income. This condition is modeled as Equation 1.44.
𝑀𝑎𝑥: 𝑈 = 𝑈(𝑥1  𝑥2 )
𝑆𝑡:
𝑃1 𝑥1 + 𝑃2 𝑥2 = 𝐸̅

(1.44)
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In this Equation, the parameters 𝑃1 and 𝑃2 are the prices of the goods, hence the ordinary
demand equations are obtained as illustrated in Equation 1.45.
𝑥1 = 𝑥1 (𝑃1  𝑃2  𝐸̅ )

𝑥2 = 𝑥2 (𝑃1  𝑃2  𝐸̅ )

(1.45)

The second assumption is concerned with the conditions in which the price ratio has
changed, but the utility level is considered constant. In this case, the consumer’s goal is to
minimize their expenditure within the constraint that their utility level is constant. The
consumer optimization problem, hence, is molded as shown in Equation 1.46.
𝑀𝑖𝑛 𝐸 = 𝑃1 𝑥1 + 𝑃2 𝑥2
𝑆𝑡:
𝑈(𝑥1 𝑥2 ) = 𝑢̅

(1.46)

Compensated demand functions, or Hicksian demand function, are derived from solving
the optimization problem of Equation 1.46, as written in Equation 1.47.
ℎ1 = ℎ1 (𝑃1  𝑃2  𝑢̅)

ℎ2 = ℎ2 (𝑃1  𝑃2  𝑢̅)

(1.47)

1.12.1.1.1. Mathematical Derivation of Demand Functions
To explain how the ordinary demand is obtained, the optimization problem is considered to
be as shown in Equation 1.48.
𝑀𝑖𝑛: 𝑈 = 𝑈(𝑥1 𝑥2 )
𝑆𝑡:
𝑃1 𝑥1 + 𝑃2 𝑥2 = 𝐸̅

(1.48)

Now, in order to examine the consumer’s optimal behavior, the Lagrangian function is
formed according to Equation 1.49.
𝐿 = 𝑈(𝑥1 𝑥2 ) + λ(𝐸̅ − 𝑃1 𝑥1 − 𝑃2 𝑥2 )

(1.49)

The necessary conditions to maximize the utility function are as shown in Equations
1.50 to 1.52.
𝜕𝐿
= 𝑈1 − λ𝑃1 = 0
𝜕𝑥1
𝜕𝐿
𝐿2 =
= 𝑈2 − λ𝑃2 = 0
𝜕𝑥2
𝜕𝐿
𝐿3 =
= 𝐸̅ − 𝑃1 𝑥1 − 𝑃2 𝑥2 = 0
𝜕λ
𝐿1 =

(1.50)
(1.51)
(1.52)
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In the above equations, 𝑢1 and 𝑢2 are respectively the marginal utility with regard to 𝑥1
and 𝑥2 . By solving these equations the ordinary demand functions, 𝑥1∗ and 𝑥2∗ , and the
Lagrangian multiplier, 𝜆∗ , are obtained as shown in Equation 1.53.
𝑥1∗ = 𝑥1∗ (𝑃1 𝑃2 𝐸̅ )
𝑥2∗ = 𝑥2∗ (𝑃1 𝑃2 𝐸̅ )
𝜆∗ = 𝜆∗ (𝑃1 𝑃2 𝐸̅ )

(1.53)

Now, to examine the sufficient conditions, a bordered Hessian matrix (𝐻) is formed based
on the following matrix:
𝐿11
𝐻 = [𝐿11
𝑔1

𝐿11
𝐿11
𝑔2

𝑔1
𝑈11
𝑔2 ] = [𝑈21
𝑃1
0

𝑈12
𝑈22
𝑃2

𝑃1
𝑃2 ]
0

According to the law of diminishing marginal utility, 𝑈11 =

𝜕𝑈1
𝜕𝑥1

and 𝑈12 =

𝜕𝑈1
𝜕𝑥2

are

negative, and since there is one constraint, only determinant |𝐻2 | is left to determine the sign,
which should be positive (Equation 1.54).
|𝐻2 | = [𝑃1 𝑃2 𝑢12 + 𝑃1 𝑃2 𝑈21 − (𝑃22 𝑈11 + 𝑃12 𝑈22 )] > 0

(1.54)

Since 𝑈12 is always equal to 𝑈21 , Equation 1.55 is true.
|𝐻2 | = [2𝑃1 𝑃2 𝑈12 − (𝑃22 𝑈11 + 𝑃12 𝑈22 )] > 0

(1.55)

Equation 1.56 can be derived from the first order conditions, i.e., Equation 1.51 and Equation
1.52.
𝑃1 =

𝑈1
𝜆

𝑃2 =

𝑈2
𝜆

(1.56)

Therefore, Equation 1.57 is obtained by substituting Equation 1.54 into Equation 1.56.
1
[2𝑈12 𝑈1 𝑈2 − (𝑈22 𝑈11 + 𝑈12 𝑈22 )] > 0
𝜆2

(1.57)

Since  is always positive, Equations 1.58 and 1.59 are true.
2

[2𝑈12 𝑈1 𝑈2 − (𝑈22 𝑈11 + 𝑈12 𝑈22 )] > 0
𝑈22 𝑈11 + 𝑈12 𝑈22 − 2𝑈12 𝑈1 𝑈2 < 0

(1.58)
(1.59)
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Equation 1.59 shows that concavity of utility function is the sufficient condition for
maximization of utility function by first order conditions 1.50 to 1.52.

1.12.1.1.2. Mathematical Derivation of Compensated Demand Function
Equation 1.60 is employed to mathematically derive the compensated demand function.
𝑀𝑖𝑛 𝐸 = 𝑃1 𝑥1 + 𝑃2 𝑥2
𝑆𝑡:
𝑈(𝑥1 𝑥2 ) = 𝑢̅

(1.60)

Now in order to examine the consumer’s optimal behavior, the Lagrangian function is
formed as written in Equation 1.61.
𝐿 = 𝑃1 𝑥1 + 𝑃2 𝑥2 + 𝜆[𝑢̅ − 𝑢(𝑥1 𝑥2 )]

(1.61)

The necessary conditions for maximizing the utility function are in accordance with
Equations 1.62 to 1.64.
𝜕𝐿
= 𝑃1 − 𝜆𝑈1 = 0
𝜕𝑥1
𝜕𝐿
𝐿2 =
= 𝑃2 − 𝜆𝑈2 = 0
𝜕𝑥2
𝜕𝐿
𝐿3 =
= 𝑢̅ − 𝑈(𝑥1 𝑥2 ) = 0
𝜕𝜆
𝐿1 =

(1.62)
(1.63)
(1.64)

In the above equations, 𝑢1 and 𝑢2 are respectively the marginal utility in relation to 𝑥1 and
𝑥2 . By solving these equations 𝑥2∗ , 𝑥1∗ (compensated demand functions) and 𝜆∗ (Lagrangian
multiplier) are obtained as shown in Equation 1.65.
𝑥1∗ = 𝑥1∗ (𝑃1 𝑃2 𝑢̅) 𝑥2∗ = 𝑥2∗ (𝑃1 𝑃2 𝑢̅) 𝜆∗ = 𝜆∗ (𝑃1 𝑃2 𝑢̅ )

(1.65)

Equation 1.66 is obtained by dividing Equation 1.62 by Equation 1.63.
𝑈1 𝑃1
=
𝑈2 𝑃2

(1.66)
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According to the economic interpretation of Equation 1.66, at optimal point, the rate of
substitution for the goods in question (ratio of the utility of the first good to the utility of the
second good) should be equal to their price ratio. Now, to examine the sufficient conditions,
a bordered Hessian matrix (𝐻) is formed as shown in the following matrix:
𝐿11
𝐻 = [𝐿11
𝑔1

𝐿11
𝐿11
𝑔2

𝑔1
−𝜆𝑈11
𝑔2 ] = [−𝜆𝑈21
𝑈1
0

−𝜆𝑈12
−𝜆𝑈22
𝑈2

𝑈1
𝑈2 ]
0

Since there is one constraint and the objective function is one of minimization, only
determinant |𝐻2 | is left to determine the sign, which should be negative (Equation 1.67).
𝐻2 = 𝜆𝑈11 𝑈22 − 𝜆𝑈12 𝑈1 𝑈2 − 𝜆𝑈1 𝑈2 𝑈21 + 𝜆𝑈12 𝑈22 < 0

(1.67)

Since 𝑢12 is always equal to 𝑈21 , Equation 1.68 is true.
𝜆(𝑈11 𝑈22 + 𝑈12 𝑈22 − 2𝑈12 𝑈1 𝑈2 ) < 0

(1.68)

Since λ is always positive, Equation 1.69 is true.
𝑈11 𝑈22 + 𝑈12 𝑈22 − 2𝑈12 𝑈1 𝑈2 < 0

(1.69)

Equation 1.69 shows that the concavity of utility function is the sufficient condition for
minimizing the expenditure function by first order conditions 1.62 to 1.64, which is precisely
the same as the sufficient condition of utility maximizing problem.

1.13. Substitution and Income Effect
Changes in price of a good and its relation to the quantity demanded will lead to two effects
which, in economic literature, are known as substitution and income effects. These two
effects may be analyzed by means of indifference curves and budget line.
1. Substitution Effect: It is that part of the change in quantity demanded resulting only
from the change in relative prices. This means that if price of a good relatively decrease,
assuming that real income remains the same, the consumer most likely increase their demand
for that good. The demand increase is such that the consumer, due to the low relative price
of the good, substitutes it with other goods (Figure 1.43).
2. Income Effect: It is the change in quantity demanded resulting from the change in
consumer’s real income. According to Figure 1.43, if 𝐵𝐵′ is the initial budget line and E is
the consumer’s equilibrium point, a decrease in price of the good will move the budget line
to 𝐵𝐵". In this case, point 𝐹 is the new consumer equilibrium point.
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Good (𝑦)

Now if a line parallel to the new budget line and tangent to the initial indifference curve
is drawn, point 𝐺 will be obtained as another hypothetical equilibrium point. Movement from
equilibrium point 𝐸 to the hypothetical equilibrium point 𝐺 is the substitution effect of the
price change and the movement form point 𝐺 to point 𝐹 is the income effect of the price
change. Finally, the movement from point 𝐸 to 𝐹 is the total effect of the price change.

𝐵

𝐹

𝐸
𝐺

𝐵′
Figure 1.43 Substitution and income effects
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Chapter 2
2. Urban Water Demand Theory
In this chapter, after introducing methods of estimating water demand in
agriculture and industry sectors briefly, the theoretical foundations of
estimating different types of urban water demand functions and their related
parameters have been thoroughly investigated.
The objective of this chapter is to show how, by drawing on economic
theories, namely the Stone–Geary utility function, the urban water demand
function is derived in order to calculate own-price elasticity of demand,
income elasticity of demand and cross-price elasticity of demand which are
very useful in economic pricing of water, water demand management, and
identifying factors affecting water demand.
Results obtained from the estimation of water demand function can
provide us valuable information to determine and predict the volume of water
required. Furthermore, the information can be used to discern the sensitivity
of water demand to several variables, including water price, consumer
income, atmospheric conditions, average nominal income, household size,
precipitation, and the price of other commodities. Results can, in turn, be
employed by management teams in different decision-making scenarios.
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2.1. Water Demand Function
Given the widespread use of water, international organizations have categorized water
demand into three major groups, i.e., agricultural, industrial, and urban water demand. Water
is considered an input, intermediate consumption, in agriculture and industry sectors, while
being regarded as a final good in its urban uses. This is basically indicative of the fact that
water is used differently in agriculture, industry, and urban sectors. Thus, methods used for
estimating the water demand function in each sector should differ accordingly. Although the
main focus of this book is the economics of water in the urban sector and agricultural and
industrial uses of water are beyond its scope, in continue the water demand functions in
agriculture and industry sectors are briefly introduced.

2.1.1. Agricultural Water Demand Function
Water is considered an input factor in agriculture. Accordingly, decision to water use in this
sector is alike the selection and combination of inputs, vector 𝑋, through which the producer
should minimize the production costs, given an output quantity of 𝑌. Therefore, the water
cost function may be written as:

𝐶(𝑌𝑃) = 𝑀𝑖𝑛 𝑃𝑋
𝑆𝑡:
𝐹(𝑋) = 𝑌

(2.1)

In this equation:
𝑃: Row vector of the price of inputs.
𝑋: Row vector of the quantity of inputs.
𝐶: Total cost of production.
𝐹: Production function.
One of the well-known mathematical representations of production function in agriculture
is the translog production function as presented in Equation 2.2. In this equation, 𝑌 is the
quantity of the output and 𝑋𝑖 is the quantity of the inputs.
𝑛

𝑌=

𝛼𝑒
𝛼0 ∏ 𝑥𝑖 1
𝑖=1

1⁄ ∑𝑛 ∑𝑛 𝑏 𝐿𝑛 𝑥 𝐿𝑛 𝑥
𝑖
𝑗
2 𝑖=1 𝑗=1 𝑖𝑗

(2.2)
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In order to determine the corresponding cost function of the above production function
(Equation 2.2), we use the second order Taylor’s approximation 1 in accordance with
Equation 2.3.

1

𝑙𝑛 𝐶 = 𝑙𝑛 𝑎 + ∑𝑛𝑖=1 𝑎𝑖 𝑙𝑛 𝑃𝑖 + 𝑎𝑄 𝑙𝑛 𝑄 + ∑𝑛𝑖=𝑖 ∑𝑛𝑖=1 𝑏𝑖𝑗 𝑙𝑛 𝑃𝑗 +
2

(2.3)

1

∑𝑛𝑖=1 𝑏𝑖𝑄 𝑙𝑛 𝑃𝑖 𝑙𝑛 𝑄 + 𝑏𝑄𝑄 (𝑙𝑛 𝑄)2
2

Here, 𝑃𝑗 is the price of labor (𝑙), land (𝑧), machinery (𝑚), water (𝑤), seed (𝑠), and other
inputs (𝑜), and 𝑄 is the quantity of the product. The equations associated with the share of
outlay are obtained through Shepard’s lemma as shown in Equations 2.4 and 2.5.
𝜕𝐶
𝜕 𝑙𝑛 𝐶
𝜕𝐶 𝑃𝑖
𝑃𝑖 𝑋𝑖 𝑃𝑖
𝑋𝑖 𝑃𝑖
= 𝐶 =
× = 𝑋𝑖 × =
=
= 𝑆𝑖
∑ 𝑋𝑖 𝑃𝑖
𝜕 𝑙𝑛 𝑃𝑗 𝜕𝑃𝑖 𝜕𝑃𝑖 𝐶
𝐶
𝐶
𝑃𝑖

(2.4)

𝜕 𝑙𝑛 𝐶
𝑆𝑖 =
= 𝛼𝑖 + ∑ 𝑏𝑖𝑗 𝑙𝑛 𝑃𝑗 + 𝑏𝑖𝑄 𝑙𝑛 𝑄
𝜕 𝑙𝑛 𝑃𝑗

(2.5)

𝑛

𝑗=1

The share of outlay is calculated by expanding Equation 2.5 as shown in Equation 2.6.
𝑆𝑖 = 𝛼𝑖 + 𝑏𝑖𝑙 𝑙𝑛 𝑃𝑙 + 𝑏𝑖𝑧 𝑙𝑛 𝑃𝑧 + 𝑏𝑖𝑚 𝑙𝑛 𝑃𝑚 + 𝑏𝑖𝑤 𝑙𝑛 𝑃𝑤 + 𝑏𝑖𝑠 𝑙𝑛 𝑃𝑠 +
𝑏𝑖𝑜 𝑙𝑛 𝑃𝑜 + 𝑏𝑖𝑄 𝑙𝑛 𝑄

(2.6)

Assuming that the share of inputs, except water, is exogenous, and with regard to
Equation 2.1 and substituting Equation 2.3, the agricultural water demand function is
eventually determined as shown in Equation 2.7.
𝑋𝑤𝑎𝑔 =
𝐶𝑏𝑖𝑠

𝑙𝑛 𝑃𝑠
𝑃𝑤

𝐶
𝑃𝑤

𝑎𝑖 + 𝐶𝑏𝑖𝑙

+ 𝐶𝑏𝑖𝑄

𝑙𝑛 𝑃𝑄
𝑃𝑤

𝑙𝑛 𝑃𝑙
𝑃𝑤

+

+ 𝐶𝑏𝑖𝑍

𝛽
𝑃𝑤

𝑙𝑛 𝑃𝑍
𝑃𝑤

+ 𝐶𝑏𝑖𝑚

𝑙𝑛 𝑃𝑚
𝑃𝑤

+ 𝐶𝑏𝑖𝑤

𝑙𝑛 𝑃𝑤
𝑃𝑤

+

+ 𝛽𝑤𝑙 𝑙𝑛 𝑃𝑙𝑎𝑔 +𝛽𝑤𝑧 𝑙𝑛 𝑃𝑧𝑎𝑔 +

(2.7)

𝛽𝑤𝑚 𝑙𝑛 𝑃𝑙𝑎𝑔 + 𝛽𝑤𝑤 𝑙𝑛 𝑃𝑤𝑎𝑔 + 𝛽𝑤𝑠 𝑙𝑛 𝑃𝑠𝑎𝑔 +
𝛽𝑤𝑜 𝑙𝑛 𝑃𝑜𝑎𝑔 +𝛽𝑤𝑄 𝑙𝑛 𝑃𝑄𝑎𝑔 +

1

The 𝒏th order Taylor’s approximation around 𝒙 = 𝒂 is as: 𝒇(𝒙) ≈ 𝒇(𝒂) + 𝒇′ (𝒂)(𝒙 − 𝒂) +
𝒇(𝒏) (𝒂)
∑∞
𝒏=𝟎 𝒏! (𝒙

𝒏

𝒇′′ (𝒂)
𝟐!

(𝒙 − 𝒂)𝟐 + ⋯ +

− 𝒂) Taylor’s series are employed to obtain approximate values of mathematical functions.
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In this equation:
𝑃𝑙 : Price of labor.
𝑍: Price of land.
𝑀: Price of machinery.
𝑊: Price of water.
𝑆: Seed price.
𝑂: Price of other inputs.
𝑄: Price of the goods produced.

2.1.2. Industrial Water Demand Function
Estimation of industrial water demand function follows the same procedure used to estimate
agricultural water demand function. By taking the steps mentioned in the previous section,
the industrial water demand function will finally be as shown in Equation 2.8.
𝑥𝑤𝑖 =

𝑌
𝑃𝑤

+ 𝛾𝑤𝑤 𝑙𝑛 𝑃𝑤𝑖 + 𝛾𝑤𝑙 𝑙𝑛 𝑃𝑙𝑖 + 𝛾𝑤𝑘 𝑙𝑛 𝑃𝑘𝑖 + 𝛾𝑤𝑒 𝑙𝑛 𝑃𝑒𝑖 +

𝛾𝑤𝑦 𝑙𝑛 𝑃𝑦𝑖 +

(2.8)

In this equation:
𝑃𝑤 : Price of water.
𝑃𝑙 : Price of labor.
𝑃𝑘 : Price of capital.
𝑃𝑒 : Price of energy.
𝑌: Value of the produced industrial products.

2.1.3. Urban Water Demand Function
According to Chapter 1, the demand function is theoretically obtained by maximizing the
utility function within the consumer’s budget through a mathematical, algebraic, or
Lagrangian methods. The assumed shape of the utility function of any good depicts its
corresponding demand model as well as the expected consumer behavior.
It is assumed that the water demand function fulfills all the classical economic
assumptions. In other words, each consumer has a continuous utility function and they make
their choices fully informed of all relevant parameters like price of the good in question,
market conditions, prices of other goods, etc. The purpose of estimating the demand function
is to obtain the own-price elasticity of demand2, cross-price elasticity of demand, income

2

Own price elasticity of demand is defined as the changes in demand of a good with respect to the changes in price
of the same good, assuming all the other factors affecting the demand remain constant.
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elasticity of demand, and other elasticities in order to frame economic policies, manage water
demand, etc. (Figure 2.1).
Estimation of urban water
demand funcion

Identifying factors affecting
water demand

Determining elasticities of
the factors affecting water
demand

Price of water

Price elasticity of demand

Household income

Income elasticity of
demand

Temperature

Precipitation

Cross elasticity of demand

Household size

Elasticity of the
atmospheric variable

Managing water demand

Determining the required
volume of water
Minimum volume of water
required
Consumption surplus

Price of other goods

Water supply and demand
equilibrium

Other factors

Figure 2.1 Main objectives of estimating urban water demand function

One of the most important applications of water demand function becomes apparent when
demand for water exceeds supply. This situation arises due to increasing competition among
agricultural, industrial and urban sectors in water use. This stems from population growth,
agricultural development, improvements in public health, industrial growth, fluctuations and
decrease in precipitation, and geographic location. Natural limitations of water supply, lack
of a substitute good for water, and its vital role in the human society have further increased
the significance of water supply and demand management.
In the field of economics, water demand function is one of the essential tools used to
establish balance between the limited water supply and the unlimited water consumption.
Moreover, the water demand function provides valuable information about the factors
affecting the water consumption and the consumers’ water consumption sensitivity with
regard to the changes in these factors over a certain period of time. The water demand
function can be assumed to have different shapes, some of which will be introduced in the
subsequent sections.

2.1.4. Linear Water Demand Function
According to chapter 1 (Equation 1.3), linear demand functions are employed extensively,
owing to the simplicity of their estimation. The linear water demand function is calculated as
shown in Equation 2.9.
𝑥 = 𝑎 + 𝑏𝑃 + 𝑐𝑀

(2.9)
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In this equation, variable 𝑥 is the water use, 𝑃 is the price of water, 𝑀 is the household
income, and 𝑎, 𝑏, and 𝑐 are the parameters of the function. The linear demand functions do
not show a constant elasticity at different points along the whole curve. This is one of the
inherent shortcomings of these types of functions. Therefore, linear demand functions are
mostly used to present price elasticity and average consumption. A linear demand function
indicates that when prices decrease, the consumers become indifferent to price; however,
when prices increase, they become too sensitive to them.

2.1.4.1. Log-Log Water Demand Function
Constant and direct elasticities can be calculated through log-log demand functions.
However, these types of functions have been subject to criticism as they are inconsistent with
the utility theory. In this type of functions, the variables’ coefficients represent the elasticity
and basically is represented as shown in Equation 2.10.
𝑙𝑜𝑔 𝑥 = 𝑙𝑜𝑔 𝛼 + 𝑏 𝑙𝑜𝑔 𝑃 + 𝑐 𝑙𝑜𝑔 𝑀

(2.10)

In this equation:
𝑥: Water consumption.
𝑃: Price of water.
𝑙𝑜𝑔 𝛼: Intercept.
𝑏: Price elasticity of demand.
𝑀: Consumer’s income.
𝑐: Income elasticity of demand.
In some studies, the semi logarithmic water demand functions are also used. The initial
form of these functions is as shown in Equation 2.11.
log 𝑥 = 𝛼 + 𝑏𝑃 + 𝑐𝑀

(2.11)

2.1.4.2. Stone-Geary Water Demand Function
Considering the importance and the broad application of this function in the estimation of
urban water demand function, detailed discussions of its characteristics and calculation
method will be presented in subsequent sections.

2.1.4.3. Almost-Ideal Demand System (AIDS)
In order to examine the almost-ideal demand system, first, the cost function is taken as written
in Equation 2.12.
𝑙𝑜𝑔 𝐶(𝑢  𝑃) = (1 − 𝑢) 𝑙𝑜𝑔{𝑎(𝑃)} + 𝑢 𝑙𝑜𝑔{𝑏(𝑃)}

(2.12)

Urban Water Demand Theory | 55

In this equation, 𝑢 varies between zero, minimum utility; and one, maximum utility. 𝑎(𝑃)
represents the optimal cost of living with the lowest utility and 𝑏(𝑃) shows the optimal cost
of living with the highest utility. In this system, the functions 𝑎(𝑃) and 𝑏(𝑃) are defined as
shown in Equations 2.13 and 2.14.
1
∗
𝑙𝑜𝑔 𝑎(𝑃) = 𝑎0 + ∑ 𝑎𝑘 𝑙𝑜𝑔𝑃𝑘 + ∑ ∑ 𝛾𝑘𝑗
𝑙𝑜𝑔 𝑃𝑘 𝑙𝑜𝑔 𝑃𝑗
2
𝑘

(2.13)

𝑗

𝛽

𝑙𝑜𝑔 𝑏(𝑃) = 𝑙𝑜𝑔 𝑎(𝑃) + 𝛽0 ∏ 𝑃𝑋 𝑋

(2.14)

By using Shephard’s lemma3, the almost ideal demand system is calculated as shown in
Equation 2.15.
𝑋
𝑊𝑖 = 𝛼𝑖 + ∑ 𝛾𝑖𝑗 𝑙𝑜𝑔 𝑃𝑗 + 𝛽𝑖 𝑙𝑜𝑔 { }
𝑃

(2.15)

𝑗

In Equation 2.15, the variable 𝑃 represents the price index and is calculated as written in
Equation 2.16.
1
𝑙𝑜𝑔 𝑃 = 𝑎0 + ∑ 𝛼𝑘 𝑙𝑜𝑔 𝑃𝑘 + ∑ ∑ 𝛾𝑘𝑗 𝑙𝑜𝑔 𝑃𝑘 𝑙𝑜𝑔 𝑃𝑗
2
𝑘

𝑗

(2.16)

𝑘

One of the merits of this function is that, instead of using Equation 2.16, Equation 2.17
can be employed to approximate the price index.
𝑙𝑜𝑔 𝑃 = ∑ 𝑤𝑘 𝑙𝑜𝑔 𝑃𝑘

(2.17)

𝑘

Using the Box-Cox method, some researchers have tried to determine the correct
mathematical form of water demand function (linear, nonlinear, logarithmic, semi
logarithmic, etc.).
By reviewing the relevant studies, it can be concluded that different economists have
made use of various types of water demand functions.
Some of these functions are presented in Table 2.1.

3

Detailed theoretical foundations of Shepard’s lemma will be presented in Chapter 5.
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Table 2.1 Some of the studies to estimate the water demand function
Type of
data

Cross-section
Time-series
Panel data
(cross-section - timeseries)

Researchers

Date of
research

Jones and Morris
David and Schefter
Williams
Stevens
Nieswiadomy
Point
Bachrah and Vaughan
Kulshreshtha
Dinar and Saleth
Roueche and Sewell
Billings and Agthe
Billings and Agthe
Billings
Johnston and Al-Quanibet
Cotton and Cochran
Agthe et al.
Hansen
Howe and Linaweaver
Boland and Carver
De Mar´e and Hanke
Ramamurthy and Chicoine
Deller et al.
Billings
Moncur
Molina and Nieswiadomy

1984
1985
1986
1992
1993
1993
1994
1996
2000
1974
1980
1980
1982
1985
1985
1986
1996
1967
1980
1982
1986
1986
1987
1987
1989

Type of water demand function used4
Lin
CD
Log
SLog
SG
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×

2.1.4.4. Linear Stone-Geary Water Demand Function
Based on theory and empirical results, it eventually concluded that the function designed for
necessity goods, known as the Stone-Geary function, is the most consistent type of utility
function, having the highest consistency with the realities and assumptions of water
consumption.
The Stone-Geary function is widely used in econometrics, making estimation of the
demand function less complicated. As a matter of fact, different demand functions have not
been derived from any particular economic theory, rather they have been mostly obtained
through trial and error and the use of various variables and forms of equations.

4

The abbreviations in the table are as follows: LIN: linear regression, CD: Cobb–Douglas, LOG: logarithmic,
SLog: semi logarithmic, and SG: Stone–Geary.
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2.1.4.5. Derivation of Water Demand Function from Stone-Geary
Utility Function
The Stone-Geary demand function is used to derive the individual demand functions based
on the Klein-Rubin utility function.

2.1.4.6. Klein-Rubin Utility Function
This function is calculated as shown in Equation 2.18, assuming that there are n goods in the
consumer’s basket.
𝑛

𝑈 = ∏(𝑄𝑖 − 𝑆𝑖 )𝛽𝑖

(2.18)

𝑖=1

In this equation:
𝑄𝑖 : Quantity consumed of good 𝑖.
𝑆𝑖 : Minimum consumption of the necessity good 𝑖.
𝛽𝑖 : Final share of good 𝑖 in utility.
The above function is subject to the constraints of 𝛴𝛽𝑖 = 1, 𝑄𝑖 > 𝑆𝑖 , 0 < 𝛽𝑖 < 1. By
taking the logarithm of both sides of the Klein-Rubin utility function (Equation 2.18),
Equation 2.19 will be obtained. This equation represents the utility function based on the
assumption that 𝑛 number of consuming goods exist.
𝐿𝑛𝑈 = β1 𝐿𝑛(𝑄1 − 𝑆1 ) + β2 𝐿𝑛(𝑄2 − 𝑆2 ) + ⋯ + β𝑛 𝐿𝑛(𝑄𝑛 − 𝑆𝑛 )

(2.19)

Now, on the assumption that the consumer’s basket of goods includes two sets of goods,
namely water (𝑄1 ), and other goods and services (𝑄2 ), the Klein-Rubin utility function is
defined as shown in Equation 2.20.
𝐿𝑛𝑈 = 𝑈′ = β1 𝐿𝑛(𝑄1 − 𝑆1 ) + β2 𝐿𝑛(𝑄2 − 𝑆2 )

(2.20)

In this equation:
𝑈′: Consumer utility level.
𝑆1 : Minimum consumption of the first good (water).
𝑆2 : Minimum consumption of the second good (other goods and services).
𝑄1 : Quantity consumed of the first good (water).
𝑄2 : Quantity consumed of the second good (other goods and services).
𝛽1 and 𝛽2 : Final share of water and other goods in utility.
Demand function is obtained by maximizing the consumer’s utility function within the
consumer’s budget (income). To this end, and to facilitate the mathematical calculations, the
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positive monotonic transformation 5 of the utility function is employed. Hence, Equations
2.21 to 2.23 are valid.
𝑈′
𝛽1 + 𝛽2
𝛽1
𝛽2
𝑈∗ =
𝐿𝑛(𝑄1 − 𝑆1 ) +
𝐿𝑛(𝑄2 − 𝑆2 )
𝛽1 + 𝛽2
𝛽1 + 𝛽2
𝑈 ∗ = 𝛼1 𝐿𝑛(𝑄1 − 𝑆1 ) + 𝛼2 𝐿𝑛(𝑄2 − 𝑆2 )
𝑈∗ =

(2.21)
(2.22)
(2.23)

Based on the above equations, Equations 2.24 to 2.26 are always true.
𝛼1 = 𝛽1 /(𝛽1 + 𝛽2 )
𝛼2 = 𝛽2 /(𝛽1 + 𝛽2 )
𝛼1 + 𝛼2 = 1

(2.24)
(2.25)
(2.26)

The consumers have to always maximize their utility function within their income (budget
line). The budget line for the above-mentioned two sets of goods including water (𝑄1 ) and
other goods and services (𝑄2 ) is defined according to Equation 2.27. In this equation, 𝑄𝑖 is
the quantity consumed of good and 𝑃𝑖 is the price of the good.
𝑛=2

𝑀 = ∑ 𝑃𝑖 𝑄𝑖
𝑖=1

(2.27)

𝑆𝑡: 𝑀 = 𝑃1 𝑄1 + 𝑃2 𝑄2
According to the previously mentioned points, the demand function is derived by using
the Lagrange method to maximize a utility function with respect to income (budget line), as
shown in Equation 2.28.
𝑀𝑎𝑥𝑈 ∗ = 𝛼1 𝐿𝑛(𝑄1 − 𝑆1 ) + 𝛼2 𝐿𝑛(𝑄2 − 𝑆2 )
𝑆𝑡:
𝑀 = 𝑃1 𝑄1 + 𝑃2 𝑄2

(2.28)

There are two mathematical methods for maximizing the utility function: substitute
(algebraic) method, and Lagrange method. However, in this section, only the Lagrange
method has been employed (Equation 2.29).

5

Function 𝑔 is a positive monotonic transformation if it is a strictly increasing function, i.e., 𝑥 > 𝑦, indicating
𝑔(𝑥) > 𝑔(𝑦).
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𝐿 = 𝛼1 𝐿𝑛(𝑄1 − 𝑆1 ) + 𝛼2 𝐿𝑛(𝑄2 − 𝑆2 ) + 𝜆(𝑀 − 𝑃1 𝑄1 − 𝑃2 𝑄2 )

(2.29)

In order to maximize the utility function through the Lagrange function and derive the
demand function, the partial derivatives of Lagrange function (Equation 2.29) with respect
to 𝑄1 and 𝑄2 as well as 𝜆 (marginal utility of income) should be taken. Next, these
derivatives should be set equal to zero, which is the necessary condition for maximization.
The partial derivatives are as shown in Equations 2.30 to 2.32.
𝜕𝐿
𝛼1
𝛼1
=
− 𝜆𝑃1 = 0 => 𝜆 =
(𝑄1 − 𝑆1 )𝑃1
𝜕𝑄1 𝑄1 − 𝑆1
𝜕𝐿
𝛼2
𝛼2
=
− 𝜆𝑃2 = 0 => 𝜆 =
(𝑄2 − 𝑆2 )𝑃2
𝜕𝑄2 𝑄2 − 𝑆2
𝜕𝐿
= 𝑀 − 𝑃1 𝑄1 − 𝑃2 𝑄2 = 0
𝜕𝜆

(2.30)
(2.31)
(2.32)

Now by equating 𝜆 in Equations 2.30 and 2.31, Equation 2.33 can be calculated.
𝛼1
𝛼2
=
(𝑄1 − 𝑆1 )𝑃1 (𝑄2 − 𝑆2 )𝑃2
→ 𝛼1 𝑃2 𝑄2 = 𝛼1 𝑃2 𝑆2 + 𝛼2 𝑃1 𝑄1 − 𝛼2 𝑃1 𝑆1

(2.33)

If both sides of Equation 2.33 are divided by 𝛼1 , Equation 2.34 will be obtained.
𝑃2 𝑄2 = 𝑃2 𝑆2 +

𝛼2
𝑎2
𝑃1 𝑄1 − 𝑃1 𝑆1
𝛼1
𝑎1

(2.34)

In Equation 2.34, If 𝑃2 𝑄2 is substituted with Equation 2.33, then Equation 2.35 will be
obtained.
𝛼2
𝑎2
𝑃1 𝑄1 + 𝑃1 𝑆1 = 0
(2.35)
𝛼1
𝑎1
If we simplify Equation 2.35 by multiplying it by 𝛼1 , then we will have Equation 2.36.
𝑀 − 𝑃1 𝑄1 − 𝑃2 𝑆2 −

𝛼1 𝑀 − (𝛼1 + 𝛼2 )𝑃1 𝑄1 − 𝛼1 𝑃2 𝑆2 + 𝛼2 𝑃1 𝑆1 = 0

(2.36)

In Equation 2.36, the sum of values of 𝛼1 and 𝛼2 always equals one and the value of 𝛼2 is
always equal to (1 − 𝛼1 ). Therefore, Equation 2.37 is true.
𝑃1 𝑄1 = 𝛼1 𝑀 − 𝛼1 𝑃2 𝑆2 + 𝛼2 𝑃1 𝑆1

(2.37)
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If both sides of Equation 2.37 are divided by 𝑃1 (price of water), then Equation 2.38 can be
calculated.
𝑄1 =

𝛼1 𝑀 𝛼1
1 − 𝛼1
− 𝑃2 𝑆2 +
𝑃1 𝑆1
𝑃1
𝑃1
𝑃1

(2.38)

Moreover, in order to simplify the calculations, Equation 2.38 is replaced with Equation 2.39,
which is one of its reduced forms.
𝑄1 = 𝑆1 +

𝛼1
[𝑀 − 𝑃2 𝑆2 − 𝑃1 𝑆1 ]
𝑃1

(2.39)

Equation 2.39 can be taken as Equation 2.40.
𝑀
𝑃2
𝑄1 = 𝑆1 (1 − 𝛼1 ) + 𝛼1 ( ) − 𝛼1 𝑆2 ( )
𝑃1
𝑃1

(2.40)

In the end, by substituting the following conditions, the water demand function (Equation
2.26) will be as shown as in Equation 2.41.
𝜃0 = 𝑆1 (1 − 𝛼1 )  𝜃1 = 𝛼1  𝜃2 = −𝛼1 𝑆2
𝑀
𝑃2
𝑄1 = 𝜃0 + 𝜃1 ( ) + 𝜃2 ( )
𝑃1
𝑃1

(2.41)

In this equation:
𝑄1 : Quantity of water demanded (m3).
𝑀: Budget or the nominal income of the consumer (IRR).
𝑃1 : Nominal price of drinking water (IRR).
𝑃2 : Nominal price of other goods and services (index).
Note that, in a Stone-Geary utility function, consumer’s demand for each good must be
greater than the subsistence level (𝑄𝑖 > 𝑆𝑖 ), therefore the condition 𝑀 > 𝑃𝑖 𝑆 is always met.
Moreover, the sufficient condition for maximizing utility function should also be met because
the solutions to the utility maximization problem are unique. Whenever, at any point on the
demand curve, the first-order necessary condition is satisfied, the sufficient condition will
also be satisfied. With regard to the assumptions associated with the obtained Stone-Geary
utility function (Equation 2.41), we can assert that 𝜃0 and 𝜃1 have positive signs and 𝜃2 has
a negative sign.
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2.1.5. Calculation of Elasticities for Water
The theoretical foundations of the calculation of price elasticity, income elasticity, and cross
price elasticity of demand for water will be presented in this section.

2.1.6. Price Elasticity of Water Demand
Price elasticity of demand is a measure of the relationship between a change in the quantity
demanded of water and a change in its price and is calculated as shown in Equation 2.42.
𝐸𝑖𝑝 =

𝜕𝑄1 𝑃1 𝜕𝐿𝑛(𝑄1 )
−𝜃1 𝑀 𝜃1 𝑃2
𝑃1
.
=
= [( 2 − 2 )] .
𝜕𝑃1 𝑄1 𝜕𝐿𝑛(𝑃1 )
𝑄1
𝑃1
𝑃1

(2.42)

Considering the conditions 𝜃1 = 𝛼1 and 𝜃2 = −𝛼1 𝑆2 , Equation 2.43 is always valid.
𝜃2 = −𝜃1 𝑆2

(2.43)

By substituting Equation 2.43 into Equation 2.42, Equation 2.44 will be obtained. This
equation is used to calculate price elasticity of water demand.
−𝜃1
𝐸1𝑝 = (
) (𝑀 − 𝑃2 𝑆2 ) ≤ 0
𝑃1 𝑄1

(2.44)

2.1.7. Income Elasticity of Water Demand
This elasticity shows the degree of sensitivity of water demand to changes in consumer
income. Based on Equation 2.41, the income elasticity of water demand can be calculated
through Equation 2.45 or Equation 2.46.
𝜕𝑄1 𝑀 𝜕𝐿𝑛(𝑄1 )
∙
=
𝜕𝑀 𝑄1 𝜕𝐿𝑛(𝑀)
𝜃1 𝑀
𝜃1
𝜃1
= ∙
=
=
𝑃1 𝑄1 𝑃1 𝑄1 /𝑀 𝑉

𝐸1𝑚 =

(2.45)

𝐸1𝑚

(2.46)

In these equations, parameter 𝑉 represents the share of water consumption cost in
consumer budget (household basket).
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2.1.8. Cross-Price Elasticity of Water Demand
This elasticity measures the degree of responsiveness and sensitivity of water demand to
changes in the price of other goods. With regard to Equation 2.41, cross-price elasticity of
water demand can be calculated as written in Equation 2.47.
𝐸12 =

𝜕𝑄1 𝑃2 𝜕𝐿𝑛(𝑄1 )
𝑃2
.
=
= 𝜃2
𝜕𝑃2 𝑄1 𝜕𝐿𝑛(𝑃2 )
𝑃1 𝑄1

(2.47)

According to Equation 2.47, since 𝜃2 < 0, the value of cross price elasticity is always
less than zero (0 < 𝐸12 ). The negativity of cross elasticity indicates that water and the other
goods are complementary.

2.1.9. Adding Atmospheric Factor (New Variable) to the Model
One of the interesting features of the Stone-Geary function is that, with respect to the
environmental conditions and the specific goals of the study, any desired variable likely to
affect the demand function and the process of its formation can be added to it. In other words,
the Stone-Geary function is a flexible function. As previously mentioned, atmospheric
variables such as temperature, relative humidity, precipitation, etc. are some of the factors
affecting water demand.
For example, the consumers require more water for bathing, drinking, swimming on a hot
and sunny day and this will be increased water demand. By the same token, other atmospheric
variables play an undeniably crucial role in determining the minimum required volume of
water. Accordingly, this section shows how these variables can be introduced into the
estimation of the final model of water demand.
The basic assumption for the minimum required volume of water is influenced by
atmospheric variables and is defined as shown in Equation 2.48.
(2.48)
𝑆1∗ = 𝑆1 + 𝑘1 𝑊 + 𝑘2 𝑅
In this equation:
𝑊: Temperature (centigrade).
𝑅: Rainfall (milliliter).
𝑘1 and 𝑘2 : Coefficients of the impacts of atmospheric factors on the subsistence level of
water consumption.
𝑆1 : Subsistence level of water consumption regardless of atmospheric factors.
𝑆1 *: Subsistence level of water consumption with regard to atmospheric factors.
If in the Stone-Geary utility function, 𝑆1 is substituted with 𝑆1∗ , by maximizing this
function with respect to budget, water demand with regard to atmospheric factors is
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determined as written in Equation 2.49. Moreover, this equation is subject to the conditions
𝑄1 > 𝑆1 , 𝑆1 > 0 and 𝑀 > 𝛴𝑃𝑖 𝑆𝑖 .
𝑈 ∗∗ = 𝛼1 𝐿𝑛(𝑄1 − 𝑆1∗ ) + 𝛼2 𝐿𝑛(𝑄2 − 𝑆2 )
𝑀𝑎𝑥 𝑈 ∗∗ = 𝛼1 𝐿𝑛(𝑄1 − 𝑆1 − 𝑘1 𝑊 − 𝑘2 𝑅) + 𝛼2 𝐿𝑛(𝑄2 − 𝑆2 )
𝑆𝑡:
𝑀 = 𝑃1 𝑄1 + 𝑃2 𝑄2

(2.49)

As in the previous case, after forming the Lagrange function and satisfying the necessary
condition for maximizing the utility function and performing the mathematical operation,
Equation 2.50 will be obtained.
𝑀
𝑃2
𝑄1 = 𝜃0 + 𝜃1 ( ) + 𝜃2 ( ) + 𝜃3 𝑊 + 𝜃4 𝑅
𝑃1
𝑃1

(2.50)

Considering the equation above, and since the value of 𝜃3 is always equal to 𝑘1 (1 − 𝛼1 )
and 𝜃1 = 𝛼, Equation 2.51 is satisfied.
𝑘1 = 𝜃3 /(1 − 𝜃1 )

(2.51)

Furthermore, since 𝜃1 is equal to 𝛼1 and 𝜃4 is equal to 𝑘2 (1 − 𝛼1 ), Equation 2.52 is true.
𝑘2 = 𝜃4 /(1 − 𝜃1 )

(2.52)

Hence, according to Equation 2.48, the coefficients of 𝑊 and 𝑅 , are positive and
negative, respectively. The selected model for urban water demand is as shown in Equation
2.53. This model is also subject to the following conditions.
𝑀
𝑃2
𝑄1 = 𝜃0 + 𝜃1 ( ) + 𝜃2 ( ) + 𝜃3 𝑊 + 𝜃4 𝑅 + 𝜀
𝑃1
𝑃1
𝜃0 > 0 , 0 < 𝜃1 < 1 , 𝜃2 < 0 , 𝜃3 > 0 , 𝜃4 < 0
In this equation:
𝑄1 : Drinking water per capita (m3).
𝑀: Consumer’s nominal income (IRR).
𝑃1 : Price of water per cubic meter (IRR).
𝑃2 : Price of other goods/services (index).
𝑊: Temperature (centigrade).

(2.53)

𝑅: Rainfall (mm).
𝜃1 : intercept of the model.
𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 : Coefficients of the model.
𝜀: Error (disturbance) term.

2.1.10. Capital Stock Adjustment Model
In order to estimate the demand function in both the short and long run, the capital stock
adjustment model (Partial Adjustment Model) and the Stone-Geary utility function
(Equation 2.52) should be integrated. Considering that the desired level of capital stock
cannot be directly observed, a hypothesis known as partial adjustment hypothesis (stock
adjustment hypothesis) is employed.
This model was proposed by Marc Nerlove and is based on the economic theory of
flexible accelerator model. this model assumes that in order to produce a certain amount of a
product under certain conditions such as technological conditions, rate of interest, etc., a
certain amount of capital stock is required, which is known as the long-run optimal or
equilibrium capital stock. For simplicity’s sake, it is assumed that this amount of capital stock
(𝑌𝑡∗ ) is a linear function of good 𝑋 as written in Equation 2.54.
𝑌𝑡∗ = 𝛽0 + 𝛽1 𝑋𝑡 + 𝑈𝑡

(2.54)

Partial adjustment model is formulated as shown in Equation 2.55, where 𝜎 (0 ≤ 𝜎 ≤ 1)
is the coefficient of adjustment, (𝑌𝑡 − 𝑌𝑡−1 ) is the actual change, and (𝑌𝑡∗ − 𝑌𝑡−1 ) is the
desired change.
𝑌𝑡 − 𝑌𝑡−1 = 𝜎(𝑌𝑡∗ − 𝑌𝑡−1 )

(2.55)

According to Equation 2.55, it is postulated that the actual change in the capital stock
over any given period of time (𝑡) is equal to the fraction of 𝜎 multiplied by its desired
change. If 𝜎 is equal to 1, then the actual stock will instantaneously be adjusted to the
desired stock level of that time. But if 𝜎 is equal to 0, it means that no change is taking place,
because the actual stock at a given time (𝑡) is equal to the stock observed in the preceding
time period. In order to facilitate the analysis of the model, Equation 2.54 can be rewritten as
Equation 2.56.
𝑌𝑡 = 𝜎𝑌𝑡∗ + (1 − 𝜎)𝑌𝑡−1

(2.56)

The above equation shows that the observed capital stock at time 𝑡 is the weighted
average of the desired capital stock at that time and the capital stock of the previous period
whose weights are respectively σ and 1 − 𝜎 . Now, by substituting Equation 2.54 into
Equation 2.56, Equation 2.57 is obtained.
𝑌𝑡 = 𝜎(𝛽0 + 𝛽1 𝑋𝑡 + 𝑈𝑡 ) + (1 − 𝜎)𝑌𝑡−1 = 𝜎𝛽0 + 𝜎𝛽1 𝑋𝑡 + (1 −
𝜎)𝑌𝑡−1 + 𝜎𝑈𝑡

(2.57)
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We can consider Equation 2.56 as the short-run investment demand function1 (capital
stock) because in the short run, the current capital stock is not necessarily equal to the longrun capital stock. When the short-run function is estimated and the coefficient of adjustment
is calculated, then we can get the long-run function by dividing 𝜎𝛽0 and 𝜎𝛽1 by 𝜎 and
excluding lag 𝑌. As mentioned before, the optimal level of water consumption is obtained
through the Stone-Geary demand function as shown in Equation 2.58.
𝑃2
𝑀𝑡
𝑄𝑡∗ = 𝜃0 + 𝜃1 ( ) + 𝜃2 ( 𝑡 ) + 𝜃3 𝑊𝑡 + 𝜃4 𝑅𝑡 + 𝑈𝑡
𝑃𝑡
𝑃𝑡

(2.58)

Hence, if the Stone-Geary equation of water demand (Equation 2.58) is substituted into
Equation 2.57, the equation of short-run water demand is obtained as shown in Equation 2.59.
𝑀

𝑃2𝑡

𝑃𝑡

𝑃𝑡

𝑄𝑡 = 𝜎𝜃0 + (1 − 𝜎)𝑄𝑡−1 + 𝜎𝜃1 ( 𝑡 ) + 𝜎𝜃2 (

) + 𝜎𝜃3 𝑊𝑡 +

(2.59)

𝜎𝜃4 𝑅𝑡 + 𝜎𝑈𝑡
In this equation:
𝑄: Drinking water per capita (m3).
𝑀: Consumer’s nominal income (IRR).
𝑃1 : Price of water per cubic meter (IRR).
𝑃2 : Price of other goods/services (index).
𝑊: Temperature (°C).

1

𝑅: Rainfall (mm).
𝜃0 : Intercept of the model.
𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 : Coefficients of the model.
𝑈: Error (disturbance) term.

Capital stock or investment refers to the facilities and equipment used in the production process, as well as the
other long-run assets, which are directly or indirectly exploited in the process of supply, transfer and distribution
of water.
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Chapter 3:
3. Estimation of Urban Water Demand Function
(Case Study: Arak City)
In this chapter, in order to specify and analyze the demand function for urban
water and to get more familiar with its theoretical foundations, the
metropolitan area of Arak is selected to provide the statistical population
sample. Panel data approaches based on a sample of 152 observations from
Arak city are referred to 2009-2014. After estimating the marginal price of
water, and selecting the households’ per capita income, consumer price index
(CPI), and the average temperature and precipitation as the explanatory
variables, the demand function for urban water in the metropolitan area of
Arak is estimated.
The results confirmed that the elasticity of demand for residential water
with respect to the income and price is low, and water and other goods are
complimentary. Moreover, income and price elasticity of demand in summer
(proxy for outdoor usage) is approximately twice as much as elasticity of
demand in winter (proxy for indoor usage) and the long-run elasticity of
demand is greater than the short-run elasticity of demand.
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3.1. An Overview of Markazi Province Water and
Wastewater Company
Markazi province is bordered by Tehran, Qom, and Qazvin provinces to the north,
Hamedan province to the west, Lorestan and Esfahan provinces to the south, and Tehran,
Qom and Esfahan provinces to the east. This province comprises about 1.82 percent of the
total area of the country and covers an area of 29,530 km2. Based on the latest administrative
divisions of Iran, Markazi province has 12 counties, 23 districts, 32 cities, 66 rural districts,
1394 inhabited villages and 64 desolate villages (Figure 3.1).

Zarand eh
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Komain

Figure 3.1 Geographical location map of markazi province

Markazi Province Water and Wastewater Company is an independent legal entity, and
according to the Law of Trade, this company acts as a non-governmental company within the
framework of the law. The composition of capital and shareholders of the Markazi Province
Water and Wastewater Company reported as follows:
 City Municipalities: 49% (1,050 billion IRR).
 Iran’s Water and Wastewater Engineering Company: 44.9% (964 billion IRR).
 Investment companies and others: 6.1% (129 billion IRR).
The company is responsible for building the facilities for urban water distribution, the
facilities for collection, transfer, and treatment of wastewater, as well as the utilization of the
facilities for provision, division and distribution of urban water, and the facilities related to
the collocation, transfer and treatment of wastewater as follows:
 Utilization of the facilities related to urban water supply and distribution located
after the water pond such as water treatment plants, pumping stations, water
transmission lines, wells, control systems, and distribution networks.
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Utilization of the wastewater collection and transfer networks and wastewater
treatment plants and pumping stations.
 Implementation of the urban water networks.
 Implementation of the plans for collocation, transfer, and treatment of wastewater.
 Investment and participation in institutions and companies which are in line with
the goals and responsibilities of this company in order to improve the quantity and
quality of the company’s activities.
 Implementation of the water supply and transportation plans with respect to Note 3
of Article 1 of the Law of Establishing Water and Wastewater Companies.
 Conducting studies and educational plans in line with the goals of the company and
conforming to the planning of Iran’s Water and Wastewater Engineering Company.
 Establishing new companies in accordance with Note 2 of Article 1 of the Law of
Establishing Water and Wastewater Companies.
The current condition of Markazi Province Water and Wastewater Company is as shown
in Table 3.1.
Table 3.1 The main data of markazi province water and wastewater company in March 2016
Title

Scale

Value

Urban population provided with water supply

million people

1.094

Percentage of urban population provided with water supply

percentage

99.45

Urban population provided with modern wastewater services

thousand people

598

Percentage of urban population provided with modern wastewater service

percentage

54.38

Number of cities provided with water and wastewater services
Water subscribers
Water subscribers (unitary)
Wastewater subscribers
Wastewater subscribers (unitary)
Employees

City
thousand
thousand
thousand
thousand cases
person
million cubic
meters per year
cycle
cycle
kilometer
kilometer
kilometer
kilometer
number

30
295
423
138
215
375

223
177
3,151
673
1,485
31
3
189

Maximum capacity of water supply resources
total
used in water supply network
The length of water distribution network
The length of water transmission lines
The length of wastewater collection network
The length of wastewater transmission network
unit
The number of water treatment
Wells

plants in operation

thousand cubic meters per 24 hours

offered capacity

number
The number of wastewater treatment
plants being utilized

unit

10

thousand cubic meters per 24 hours

offered capacity

168

106
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3.2. Estimation of the Demand Function for Drinking Water
In order to familiarize our readers with the process of estimating the water demand function
and its application in managerial affairs (model specification) and the analysis of the results,
a real instance of estimating the urban water demand function pertaining to Markazi Province
Water and Wastewater Company, in Arak City, will be presented in this section.
To this end, a sample containing 300 subscribers from among the subscribers of eight
independent regions of Arak Metropolitan Area (statistical population) selected by using a
random number table and with respect to their subscription number and the numbers of the
subscribers in each region. The study was carried out in a seasonal manner, which started
from the spring of 2009 and completed at the end of the winter of 2014. Given that about 136
cases were presented problems such as incomplete information, the average price of zero for
water, barriers to the reading of water meters, faulty water meters or corrective bills, these
cases were excluded from the study and the final study was carried out by 152 samples and
3040 observations (3040 = 20 × 152). The size of the selected sample was chosen with
regard to the characteristics and size of the statistical population as shown in Equation 3.1.
𝑛=

𝑁𝑡 2 𝑆 2
𝑁𝑑 2 + 𝑡 2 𝑆 2

(3.1)

In this equation:
𝑛: The optimal size of the sample.
𝑁: The size of the statistical population (96000 subscribers).
𝑑: Measurement error (5 percent).
𝑡: Confidence coefficient (1.96).
𝑆 2 : The variance of pre-estimation of per capita water consumption (30).
By using a small sample made up of 20 households, the variance of seasonal per capita
water consumption for the statistical population was calculated as 30. According to the
collected data and Equation 3.1, the sample size was identified as 152 households. In order
to obtain reliable results from the panel data1 and facilitate the calculation, the Eviews 7.1
was used. The summary of the steps taken in this study as shown in Table 3.2.

1

Panel data is a set of data based on which the observations made over a given period of time (T) with a large
number of cross-sectional (N) variables that mostly selected randomly. In this case, the statistical data is a
combination of time series and cross-sectional data.
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Table 3.2 The steps taken for estimation of urban water demand function (case study of Arak city)
Step

Description of how the task was undertaken

Selecting the sample

Selecting the final sample (subscribers) by using random number table
in SPSS software.

Data collection

Determining the indoor and
outdoor consumptions
Determining the
seasonal per capita
consumption
Determining the average
price of water
Calculating the seasonal
per capita nominal
income
Price of other goods
Atmospheric variable
Estimating the marginal
price of water
Hausman test

Estimating the demand function
for water
Calculating the elasticities for
water
Generating information

The indoor usage has been defined as the winter period and the outdoor
usage has been defined as the consumption in summer season.
Identifying the amount of water consumption for all 152 samples,
calculating the daily consumption and determining the seasonal per
capita consumption share.
Using the tariffs determined and announced by the Ministry of Energy.
By using proxy method and the information related to the cost of
housing, and other necessary information with regard to reports of the
statistical yearbook of the country.
Consumer Price Index has been collected monthly from the reports
issued by the Central Bank
Collecting data related to temperature and average precipitation, from
the reports of the meteorological organization.
Calculating the marginal price of water by employing the marginal cost
approach and using the information about the average price and the
volume of water consumption.
Choosing between fixed effects model and random effects model,
finally, the random effects model has been selected with a great
confidence level (at least 90%).
The demand function has been estimated by taking the parameters into
account.
Calculating the price, income and cross-price elasticities of water
demand.
The obtained information can be used by the management for regulating
the demand, identifying the factors affecting the demand for water and
so on.

3.3. Determination of Winter Term and Non-Winter Period
There are no two separate water supply systems in the city of Arak. for detecting the volume
of indoor and outdoor usage, the indoor usage 2 has been considered synonymous with the
consumption in the winter period and the outdoor usage has been considered synonymous
with the consumption during the summer season, though these types of consumptions may
not be exactly the same.

2

The indoor usage includes using water for personal hygiene and washing clothes, dishes and food, while the
outdoor usage includes the indoor usage as well as water used for irrigation of green spaces, gardens, washing
cars, swimming pools, etc.
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The monthly statistics of the climatic condition of Arak city are utilized in order to
determine which months of the year account for the indoor usage (winter period). This
information includes the temperature and the number of frosty days in each month over a
120-month period (from March 2004 to March 2014) which has been extracted from the
information portal of Arak City Meteorological Organization.
Then, based on the available data, the average temperature per month, the number of
frosty days per month for each month of the year, mean and the standard deviation for each
atmospheric variable were calculated. For those variables which have a direct relationship
with the water consumption (temperature), the standard deviation has been subtracted from
the mean and for those variables which have an indirect relationship with the water
consumption (number of frosty days), the standard deviation has been added to the mean
(Table 3.3).
Table 3.3 The average monthly values of climatic factors in Arak city
Month
March
April
May
June
July
August
September
October
November
December
January
February
Mean (x)
Standard deviation
𝑥+𝑆
𝑥−𝑆
Selected values
Months of winter period

Average daily
temperature
12.5
17.4
22.6
27.3
26.8
24.1
17.9
10.8
7.3
2.8
1.1
4.7
14.6
9.4
5.2
𝑥 ≤ 5.2
December,
January, and February

Average days of
frost
2
3.4
14.6
22
25
17
7
9.7
16.7
𝑥 ≥ 16.7
December,
January, and February

3.3.1. Characteristics of the Sample
The specific data (variables) which have been used for the estimation of demand function of
water includes per capita consumption, average price, and average income, the price of other
goods and services, atmospheric variable, and the marginal price that are briefly discussed in
the following sections. Considering the fact that the water consumption, to some extent, has
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a direct relationship with the seasons of the year, in order to improve the results and make
better decisions, the estimation of water demand carried out separately for each season.

3.3.2. Seasonal Per Capita Consumption
The meter's customer reading in Arak are not regular and we require regular consumption
statistics to the different seasons. Then the water consumption within the timespan of study
is divided by the number of days of the reading period and the daily consumption for each
sample is obtained, then, the seasonal consumption for each selected sample will be
calculated. In order to calculate the seasonal per capita water consumption, the seasonal
consumptions for each sample is divided by the number of inhabitants of each dwelling unit.
The number of inhabitants of each dwelling unit is obtained via questionnaire (Appendix 1).

3.3.3. Average Price of Water per Cubic Meter
Average prices are obtained by using the available tariffs (announced by the Ministry of
Energy) which are set up in price tables for different monthly consumptions. After specifying
the monthly consumption of each household and taking the price table of each specific year
into account, the average price of water per cubic meter was calculated.

3.3.4. Average Seasonal Per Capita Income
It has been impossible for us to obtain specific information on the disposable income of each
of the individuals making-up the sample. The income variable is constructed in a more
convenience manner than in previous studies that have used water utility data, with the
expectation that it would exhibit reduced measurement error as a result and following
approach adopted:
Household information such as the age of the building, the total area of the property, its
building area, the number of units, type of façade, and the type of yard collected through
questionnaire. Then, by going to the real estate agencies in each region, the monthly rent of
each dwelling unit in 2014 was calculated. Moreover, using the data obtained from the
Statistical Center of Iran about the monthly rent of a dwelling unit and 2 percent of the
average security deposit for renting a house in Arak, the monthly rents of the previous years
were also calculated. Since the share of housing expenditure in the total household
expenditure for the Markazi province is available in the electronic portal of Central Bank,
and the seasonal share of housing expenditure is required, the seasonal share of housing
expenditure for Markazi province was calculated with regard to the seasonal share of housing
expenditure for the whole country.
The estimation of the completely seasonal household expenditure was calculated by
dividing the houses rent by the share of seasonal housing expenditure in the total expenditure
of the urban households of Markazi province. Then, by dividing this amount by the number
of the inhabitants of the dwelling unit, the per capita expenditure of the sample consumers
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has been calculated which was used as a proxy for the average seasonal per capita nominal
income.

3.3.5. Price of other Consumer Goods
The consumer price index for Markazi province is reported every month in the Central Bank
portal used as a proxy for the price of other consumer goods. In order to find the index of
each season, the figures related to each season over the years of the study (2009 to 2014)
added together and divided by three.

3.3.6. Atmospheric Variable
The average temperature and the average precipitation in different months of the studied
period (2009-2014) for Arak city, which were available in the statistical yearbook of the city
are used as the atmospheric variable. In order to find the corresponding data of this variable
for each season, the average temperature and the average precipitation of the months of each
season added together and divided by three.

3.4. Estimation of the Marginal Price of Water
In economic studies, using the marginal cost instead of the average cost exerts enormous
influence on the results and their analysis and the economic scholars always tend to use
marginal cost rather than the average cost in their studies. 3 This principle also is observed in
the present case study. Setting the price of water by employing the block tariff approach for
each cubic meter of water is considerably difficult and controversial. The important question
is figuring out which price is suitable for the determination of the demand function. For
setting the price of one unit of water consumption, there are two options: marginal price and
average price.
According to economic theory, it is clear that the marginal price should be used. The
economists, based on the results of many studies, believe that employing the block tariff
requires the use of marginal price. The firms supplying and distributing water equalize the
marginal revenue with the marginal cost for economic activity in order to determine the
quantity of their supply. On the other hand, the consumer also equalizes the marginal utility
of each unit of money spent on all goods that modeled as shown in Equation 3.2.
𝑀𝑈𝑥
𝑃𝑥

3

=

𝑀𝑈𝑦
𝑃𝑦

The theoretical foundations of marginal and average cost will be presented in detail in Chapter 5.

(3.2)
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By having the information of the variables of average price and amount of water
consumption, the function of the water average price is estimated as shown in Equation 3.3.4
(3.3)
𝐴𝑃 = 𝑐1 + 𝑐2 𝑋
In this equation, the parameter x is the quantity consumed (cubic meter) and 𝑐1 and 𝑐2 are
the coefficients of the prices. After estimating the coefficients of Equation 3.3 the marginal
price is calculated according to Equations 3.4 to 3.6. If the average price is in accordance
with Equation 2.48 in Chapter 3, then the aggregate expenditure of the consumer is defined
as shown in Equation 3.5 and the marginal price of water will be the first derivative of the
consumer’s expenditure that is calculated as shown in Equation 3.6.
𝑇𝑃 = 𝐴𝑃 × 𝑋
𝑇𝑃 = 𝑐1 𝑋 + 𝑐2 𝑋 2
𝜕𝑇𝑃
𝑀𝑃 =
= 𝑐1 + 2𝑐2 𝑋
𝜕𝑋

(3.4)
(3.5)
(3.6)

Estimation of the coefficients of 𝑐1 and 𝑐2 was carried out by employing Pooled Least
Squares method and using first-order autoregressive in Eviews7.1 software. The results are
as shown in Table 3.4.
Table 3.4 Estimation of the coefficients of marginal price of water in Arak city
Season

𝑐1

𝑐2

Spring
Summer
Fall
Winter
Whole year

22
62
39
21
8

0.264
0.269
0.273
0.121
0.270

Significance level of ttest
𝑐1
𝑐2
0.0000
0.0022
0.0031
0.0000
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000

Durbin–Watson
statistic
2
1.811
1.827
2
2.3

According to the table, the significance level of the t-test shows that all coefficients are
completely significant. Additionally, the Durbin–Watson5 statistic is a good indicator that
the model is fitted (the adequacy required for the independence of the residuals). Moreover,

4

5

The assumption of 𝐴𝑃 = 𝑐1 𝑋 𝑐2 has also been used but it was abandoned since the obtained results were not
consistent with the theory.
One of the noteworthy points in the regression is the possibility that errors can be non-independent; this equation
is known as autocorrelation. In case of autocorrelation in errors, it is not possible to use linear regression and in
order to examine this assumption; the Durbin–Watson test is used. Durbin–Watson statistic is between zero to
four. If there is no serial correlation between the residuals, the value of this statistic should be close to 2; if it is
close to zero it indicates positive correlation, and if it is close to 4 it indicates the negative correlation. This statistic
is considerably desirable if it falls between 1.5 to 2.5.
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based on Table 3.4 and Equation 3.6, the marginal price of water in Arak city for different
seasons of the year are mathematically modeled as follows.
Spring
𝑀𝑃𝑠𝑝 = 22 + 0.264𝑋
Summer
𝑀𝑃𝑠𝑢 = 62 + 0.269𝑋
Fall
𝑀𝑃𝑎𝑢 = 39 + 0.273𝑋
Winter
𝑀𝑃𝑤𝑖 = 21 + 0.121𝑋
The whole year
𝑀𝑃𝑇𝑜 = 7 + 0.270𝑋
According to the calculated estimations, the marginal price of water in Arak city for all
of the four seasons as well as the whole year, based on the average consumption blocks is as
shown in Table 3.5.
Table 3.5 Marginal price of water in Arak city based on average consumption blocks
Consumption
(cubic meter)
2.5
3.0
3.5
4.0
4.5
5.0

Spring

Summer

Fall

Winter

22.66
22.79
22.92
23.06
23.19
23.32

62.67
62.81
62.94
63.08
63/21
63.35

39.68
39.82
39.96
40.09
40.23
40.37

21.30
21.36
21.42
21.48
21.54
21.61

3.5. Mathematical form of Water Demand Function
With regard to the obtained results and the estimation of the marginal price, the final model
for estimation of water demand function is introduced as shown in Equation 3.7.
𝑃𝑒𝑟𝑐𝑖𝑡 = 𝜃0 + (1 − 𝛿)𝑃𝑒𝑟𝑐𝑖 𝑡−1 +𝜃1 (

𝐼𝑖𝑡
𝑀𝑃𝑖𝑡

) +𝜃2 (

𝑃𝑂𝑖𝑡
𝑀𝑃𝑖𝑡

)+

(3.7)

𝜃3 𝑇𝑒𝑚𝑝𝑡 + 𝜃4 𝑅𝑎𝑖𝑛𝑡 + 𝑈𝑖𝑡
In this equation:
𝑃𝑒𝑟𝑐: Per capita quantity of drinking water consumption (cubic meter).
𝐼: An approximation of per capita seasonal income of the consumer.
𝑀𝑃: Marginal price of drinking water.
𝑃𝑂: Consumer price index (an approximation for the price of other goods).
𝑇𝑒𝑚𝑝: Average seasonal temperature (Centigrade).
𝑅𝑎𝑖𝑛: Average seasonal rainfall (mm).
In order to make the calculations of water demand function estimation simpler (Equation
3.7), we can take Equations 3.8 and 3.9 into account.
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𝐼𝑖𝑡
𝑃𝑒𝑟𝑖𝑖𝑡 = (
)
𝑀𝑃𝑖𝑡

(3.8)

𝑃𝑂𝑖𝑡
𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡 = (
)
𝑀𝑃𝑖𝑡

(3.9)

Finally, the demand function of water is estimated as shown in Equation 3.10. In this
equation, the following conditions are always assumed to hold true:
0 < 𝛿 < 1, 0 < 𝜃1 < 1, 𝜃2 < 0, 𝜃3 > 0, 𝜃4 > 0
𝑃𝑒𝑟𝑐𝑖𝑡 = 𝜃0 + (1 − 𝛿)𝑃𝑒𝑟𝑐𝑖𝑡−1 + 𝜃1 𝑃𝑒𝑟𝑖𝑖𝑡 + 𝜃2 𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡 +
𝜃3 𝑇𝑒𝑚𝑝𝑡 + 𝜃4 𝑅𝑎𝑖𝑛𝑡 + 𝑈𝑖𝑡

(3.10)

According to what was discussed earlier, the above equation is a short-run equation; for
calculation of the long-run coefficients, the above coefficients are divided by 𝛿.
The Hausman test is used to determine the type of estimation method (fixed effects
model6 or random effects model5). In the beginning of the chapter, by using the Hausman
test, it became clear that the random effects model is employed. Therefore, by using this
method, the water demand function for spring, summer, fall, winter and the whole year is
estimated.

3.6. Hausman Test
In order to choose between the fixed effects model and the random effects model, the
Hausman test is used (Table 3.6). The results indicate that in two cases of presence and
absence of differential variable in the model, the 𝐻0 assumption (existence of fixed effects)
is not accepted while the 𝐻1 assumption (existence of random effects) is accepted. In other
words, in order to estimate the demand functions of water, the random effects model should
be used. Considering that the significance level of the test in all seasons, as well as the whole
year, is lower than 𝛼 level (0.05), therefore the H0 assumption is not accepted.
Table 3.6 The results of Hausman test (choosing between fixed and random effects)
Season
Spring
Summer
fall
winter
Whole year

6

Significance level of the test
0.0
0.0
0.0
0.0
0.0

Chi-squared
354
348
522
414
1,963

In fixed effects model it is assumed that the special and unobservable effect of the individual I (µi) is a fixed value
that should be estimated.
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3.7. Estimation of Water Demand Function
Noordin (1976) and Taylor (1975) argue that when block tariff pricing is used, the marginal
price by itself cannot reflect the price effects. Therefore, they have added a variable called
differential variable to the proposed models. This variable is the difference between the actual
bill that the consumers pay and what the consumers would have paid if all units of their
consumption were calculated with the marginal cost.
The effect of this variable on the water consumption when the increasing block tariffs are
used is negative, which means as the subsidy for the lower consumption block increases, the
volume of water consumption decreases. We tested this theory in practice but we achieved
little success. Therefore, only the results of the estimation of demand for water in Arak city
without the differential variable for the long and short-run periods are provided in Table 3.7
and Table 3.8. According to the information presented in Table 3.7, the equations of the
demand function for water in Arak city for the short-run period is as shown in the following
functions.
𝑃𝑒𝑟𝑐𝑠𝑝 = 12.3 + 0.562𝑃𝑒𝑟𝑐𝑖.𝑡−1 + 0.00036𝑃𝑒𝑟𝑖𝑖𝑡 − 2.459𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡
𝑃𝑒𝑟𝑐𝑠𝑢 = 10 + 0.692𝑃𝑒𝑟𝑐𝑖.𝑡−1 + 0.00048𝑃𝑒𝑟𝑖𝑖𝑡 − 3.545𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡
𝑃𝑒𝑟𝑐𝑎𝑢 = 10.66 + 0/651𝑃𝑒𝑟𝑐𝑖.𝑡−1 + 0.00030𝑃𝑒𝑟𝑖𝑖𝑡 − 2.800𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡
𝑃𝑒𝑟𝑐𝑤𝑖 = 8.4 + 0/723𝑃𝑒𝑟𝑐𝑖.𝑡−1 + 0.00012𝑃𝑒𝑟𝑖𝑖𝑡 − 1.080𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡
𝑃𝑒𝑟𝑐𝑡𝑜 = 3.7 + 0/831𝑃𝑒𝑟𝑐𝑖.𝑡−1 + 0.00011𝑃𝑒𝑟𝑖𝑖𝑡 − 0.755𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡 +
0.081𝑇𝑒𝑚𝑝𝑡 − 0.024𝑅𝑎𝑖𝑛𝑖𝑡

Spring
Summer
Fall
Winter
The
whole year

Table 3.7 Results of estimation of water demand functions (short-run)
Title7

Spring

Summer

Fall

Winter

The whole year

𝜃08

12.3
(17.9)

10
(11.9)

10.66
(14.1)

8.4
(11.7)

3.7
(11.3)

1-δ

0.562
(25)

0.692
(30)

0.651
(26)

0.723
(31/9)

0.831
(110)

𝜃1

0.00036
(6.4)

0.00048
(5)

0.0003
(5.5)

0.00012
(4.6)

0.00011
7.9

-2.459
(-12.7)
-

-3.545
(-8.3)
-

-2.8
(-10.7)
-

-1.08
(-9)
-

-0.55
(-15.9)
0.081

𝜃2
9

𝜃3

7
8
9

Titles of the above table and the following tables with the same title, are the same parameters of Equation 4.10
Parameter 𝜃0 in the above table and the following tables with the same title is the 𝑦-intercept
Since the changes in seasonal temperature (𝜃3) and seasonal rainfall (𝜃4 ) throughout the seasons are significantly
small, we decided not to measure their values for the seasons. This is also the case for the tables reported in the
following pages.
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Title7

𝜃4
Coefficient of
determination
DurbinWatson

Spring

Summer

Fall

Winter

The whole year

-

-

-

-

(7.5)
-0.024
(-4.4)

0.65

0.6

0.45

0.46

0.52

1.96

1.9

1.75

1.74

1.67

Table 3.8 Results of estimation of water demand functions (long-run)
Title

Spring

Summer

Fall

Winter

Whole year

𝜃0
𝜃1
𝜃2
𝜃3
𝜃4

28
0.00083
-5.614
-

32.36
0.0015
-11.47
-

30.5
0.001
-8
-

30.3
0.00044
-3.9
-

22
0.00074
-4.47
0.48
-0.14

According to the information presented in Table 3.8, the equations of the demand function
for water in Arak city for the long-run period is as shown in the following functions.
Spring

𝑃𝑒𝑟𝑐𝑠𝑝 = 28.00 + 0.00083𝑃𝑒𝑟𝑖𝑖𝑡 − 5.614𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡

Summer

𝑃𝑒𝑟𝑐𝑠𝑢 = 32.36 + 0.0015𝑃𝑒𝑟𝑖𝑖𝑡 − 11.47𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡

Fall

𝑃𝑒𝑟𝑐𝑎𝑢 = 30.50 + 0.0010𝑃𝑒𝑟𝑖𝑖𝑡 − 8.00𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡

Winter

𝑃𝑒𝑟𝑐𝑤𝑖 = 30.30 + 0.00044𝑃𝑒𝑟𝑖𝑖𝑡 − 3.90𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡

Whole year

𝑃𝑒𝑟𝑐𝑡𝑜 = 22.00 + 0.00074𝑃𝑒𝑟𝑖𝑖𝑡 − 4.47𝑃𝑖𝑛𝑑𝑒𝑥𝑖𝑡 + 0.48𝑇𝑒𝑚𝑝𝑡 −
0.14𝑅𝑎𝑖𝑛𝑖𝑡

3.8. Elasticities of Water Demand
In this section, the water demand functions for different seasons and the whole year are
examined. Considering that the differential variable has been only used in a small number of
studies, in this study the elasticities of water is presented only without taking the differential
variable into account. Moreover, the elasticity of variables affecting the per capita quantity
of water consumption (per capita income, marginal price, consumer price index and the
atmospheric factor) is determined. In this section, per capita excess consumption and the
subsistence level of drinking water are calculated through Equations 3.11 and 3.12,
respectively. The results of calculations are as shown in Table 3.9 to
Table 3.11.
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𝐸𝑄 = 𝑄 ∗ − 𝑆1∗

(3.11)

In this equation:
𝑄 ∗ : The estimated per capita water consumption (cubic meters).
𝐸𝑄: Per capita excess water consumption (cubic meters).
𝑆1∗ : Subsistence level of drinking water by taking the atmospheric factor into account,
which calculated as shown in Equation 3.12.
𝑆1 : Subsistence level of drinking water regardless of the atmospheric factor, which
calculated as shown in Equation 3.13.

𝜃3
𝜃4
𝑆1∗ = 𝑆1 + (
) 𝑇𝑒𝑚𝑝 + (
) 𝑅𝑎𝑖𝑛
(3.12)
1 − 𝜃1
1 − 𝜃1
𝜃0
𝑆1 =
(3.13)
1 − 𝜃1
In addition to the aforementioned calculations, the price elasticity of demand (Equation
2.44 in Chapter 2), the income elasticity of demand (Equation 2.46 in Chapter 3) and crossprice elasticity of demand (Equation 2.47 in Chapter 3) are calculated and analyzed, and
through their application, some suggestions and appropriate recommendations presented. The
values of each calculated elasticity presented in Table 3.9 to
Table 3.11, separately for each season, and in the long-run and short-run.
Table 3.9 Elasticities of aggregate demand of water in Arak metropolitan area (annual)
Long-run

Short-run

Type of elasticity

31.3

5.32

21.9

3.7

25.8

4.4

5.5
-0.379

0.92
-0.064

Per capita water consumption (cubic meter)
Subsistence level of drinking water regardless of the atmospheric
factor (cubic meter per season)
Subsistence level of drinking water by taking the atmospheric factor
into account (cubic meter per season)
Per capita excess water consumption (cubic meter)
Price elasticity of demand

Table 3.9 Elasticities of aggregate demand of water in Arak metropolitan area (annual) (Continued)
Long-run
0.612
-0.233
0.476
-0.213

Short-run
0.104
-0.04
0.081
-0.036

According to Table 3.9 to

Type of elasticity
Income elasticity of demand
Cross-price elasticity of demand
Elasticity of temperature
Elasticity of rainfall
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Table 3.11, and based on the mathematical equations, which were mentioned earlier in this
chapter, the following conclusions are drawn:
 The price elasticity of aggregate demand is considerably low in the short-run, which
indicates the low elasticity of demand for water with respect to its own price. Thus,
decrease and increase in the price of water in the short-run exert very little influence on
water consumption.
 Income elasticity of demand is considerably low in the short-run, indicating that water is
a necessity good.
 The negativity of the cross-elasticity of demand indicates that water is a complementary
good for other goods. Given the unique characteristics and exclusive applications of
water, it is extremely hard to find a substitute for it. To say water is a complementary
good means that, as the price of other goods increases, the volume of water consumption
should decrease. However, as seen in the tables, the cross-elasticities are very small and
close to zero. Therefore, even increase or decrease in price of other goods in the short run
cannot exert significant influence on water consumption, a fact which itself indicates that
water is a necessity good.
 The effect of temperature in the short-run is positive and the effect of rainfall is negative.
Note that the effect of these variables is extremely low. The above interpretations are also
valid for the long-run function; however, their effects are greater in the long-run, a point
which is completely in line with the theory of demand for water.
The subsistence volume of drinking water in the long-run with respect to atmospheric
factor is 286 liters per 24 hours, and a single subscriber in Arak city has a 62-liter excess
consumption every per 24 hours.
Table 3.10 Elasticities of water demand in Arak city for different seasons (short-run)
Winter

Fall

Summer

Spring

Type of demand

12.7

14.4

10.67

10

12.3

Per capita volume of water consumption
(cubic meter per season)
Subsistence level of drinking water (cubic meter per season)

2

2.7

2.1

Per capita seasonal excess consumption (cubic meter)

-0.057

-0.137

-0.17

-0.149

Price elasticity of demand

0.125
-0.068

0.31
-0.163

0.221
-0.151

0.257
-0.121

Income elasticity of demand
Cross-elasticity

9.11

12.7

8.39
0.73

Table 3.11 Elasticities of water demand in Arak city for different seasons (long-run)
Winter

Fall

Summer

Spring

Type of demand

32.9

36

41.3

32.8

Per capita volume of water consumption
(cubic meter per season)
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Winter

Fall

Summer

Spring

Type of demand
Subsistence level of drinking water (cubic
meter per season)
Per capita seasonal excess consumption
(cubic meter)

30

30

32.4

28

2.9

6

8.9

4.8

-0.205

-0.312

-0.549

-0.425

Price elasticity of demand

0.451

0.887

1

0.588

Income elasticity of demand

-0.246

-0.460

-0.490

-0.276

Cross-elasticity
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According to Table 3.10 and
Table 3.11, the following conclusions are drawn:
 As expected, in the short-run, the excess outdoor usage (summer) is much greater
than the indoor (winter), which shows that the consumers are most wasteful of water
in outdoor usage (washing their yards or cars, irrigating their gardens or green space,
and filling their private swimming pools).
 Income and cross-elasticities of demand in summer, fall and spring are
approximately equal and almost twice as much as indoor usage (winter). This is also
the case for excess consumption.
 Increase in relative price of water can exert greater influence on the unnecessary
consumptions of water. The income elasticity of demand in indoor usage is
relatively smaller than the outdoor usage because the indoor usage is more necessary
than the outdoor usage.
 Cross-elasticity indicates that water is complementary to other goods.
 All of the elasticities in the long-run are greater than the elasticities in the short-run
and the difference between these elasticities observed in all seasons. This is also
the case for excess consumption.
 The greatest consumption has occurred in summer and then spring; it must be noted
that all elasticities in these seasons are greater than fall and winter.
 Price elasticity of demand in all seasons of the year is smaller than one, which
indicates that the demand for water is inelastic with respect to its price even in the
long-run. The income elasticity of demand in summer calculated as unity that shows
that the unnecessary consumption in this season is considerably high.

3.9. Suggestions
By reviewing what was discussed earlier in this chapter, and the results are obtained from
processing the primary data and estimation of the demand function for water, the following
suggestions offered. These suggestions used with a high degree of confidence by the
management in the decision-making processes:
 Since at the peak period or during water crisis situations the additional capacities
are needed, the consumers, during the peak period should be charged for the
operational and maintenance costs as well as the costs of increasing the capacity,
while during the off-peak period they should only pay for the operational costs.
 Considering that the price elasticity of demand increases respectively in winter,
spring, fall, and summer and increasing the price of water has a greater influence on
reducing the consumption during the seasons which have greater price elasticities,
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1

adopting the seasonal water pricing method 1 is recommended. Note that the0
highest excess consumption occurs in the same seasons.
The second principle of water pricing (financial viability) states that the prices
should be high enough to generate necessary revenue for investment (development
of water and wastewater facilities and equipment as well as recovering
depreciation). Since the price elasticity in all proposed models is smaller than one
(percentage increase in price is greater than percentage decrease in consumption), it
can be concluded that the increase in prices will cause the increase in revenue of
Water and Wastewater Company, and this is one of the best outcomes of price
adjustment of water. The increase in revenue enables the management of the water
and wastewater services to provide the required investment resources for improving
and enhancing the water quality. Therefore, by increasing the prices, in addition to
reducing consumption, the necessary investment resources provided.
Water conservation programs and public education affect water demand; therefore,
in the upcoming studies, such variables should be integrated into the model and the
effects of these policies should be examined. Since the price elasticities, especially
in the short-run, are low, it seems that at the same time that the prices increase, the
water conservation ads and public education should be taken into account.
Given that the subsistence daily per capita consumption of water is calculated to be
286 liters, the prices for higher consumptions should increase at higher rates.
Since the price elasticity for outdoor usage is twice as much as the price elasticity
for indoor usage, it is reasonable to distinguish between these two types of
consumption when a water crisis arises.
Considering that in all estimated models, the impact of the variable of per capita
household income is greater than the other variables, in the future predictions of
required water, per capita household income should be brought to the center of
attention as a dominant variable.

The discussions about the seasonal pricing0are presented in detail in Chapter 6.
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Appendix
Sample questionnaire used for collecting data from the statistical population (household)
Subscription No:

1- Address:
2- Specific type of residence
Landlord
Mortgage: ………….IR Rials

First
floor

Tenant
Monthly rent: ……………..IR Rials
Landlord
Mortgage: ………….IR Rials

Second
floor

Tenant
Monthly rent: ……………..IR rials
Landlord
Mortgage ………….IR Rials

Third
floor

Tenant

Monthly rent: ……………..IR Rials
3- Information of the dwelling unit:
Age of building: ……years
Whole land area:…… Building area:……..square
square meters
meters
Approximate price of building: …..million Area of green space of the building:
IR Rials
……square meters
Registered
title deed

Unregistered
title deed
Building’s
facade

Type of yard

brick

stone

Northern

Table of the numbers of household members on each floor
year
2009
2010 2011
2012
Number:

Unfinished facade
Southern
2013
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Chapter 4
4. The Theory of the Firm
Owners of business firms should make many decisions about production
quantity, type of their products, and profits. The theory of the firm will help
them reach the optimal production quantity and the maximum profit. In fact,
the theory of firm shows how inputs should be combined or substituted to
reach optimal production aimed for profit maximization or cost minimization.
This chapter presents the theoretical foundations of production, and some
other concepts like different types of production function, concepts of
translog function, returns to scale, theory of costs, profit maximization,
sensitivity analysis, cost minimization, elasticities of substitution, and the
econometric methods for estimating cost function.
This chapter provides readers with a basis as well as a valuable guideline
to better understand and analyze results presented in chapter 6, estimation of
urban water supply function. The contents of the chapter are mostly compiled
from various reputable sources and are less of an expression of authors’
personal opinions.
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4.1. Production Theory
Economic enterprises, or firms, are units responsible for producing and distributing goods
and providing services. Employing their existing methods, these units transform inputs into
outputs. These methods are determined based on production functions. Economic theories of
production have been developed according to scientific principles to help managers make
wiser decisions about how to effectively combine the required inputs to produce certain
outputs (good or service) so that they can keep costs down to the lowest level and, at the same
time, take the existing methods into consideration. This goal can be achieved through profit
maximization, considering that the economic enterprises always try to gain the maximum
profit from their limited resources.

4.1.1. Production Function
Production function represents the maximum amount of output that can be obtained from a
given amount of input through employing certain methods. This function shows the
relationship between resources and outputs in a given time period without taking prices into
account. Production function shows the relationship between the quantity of inputs and
outputs assuming that the methods of production remain constant. The production function
is as shown in Equation 4.1 where, 𝑦 represents the quantity of outputs and 𝑥 is the quantity
of inputs (land, capital, labor, raw material, energy, etc.). In fact, production inputs
represented by an 𝑁 × 1 row vector of inputs.
𝑌 = 𝑓(𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛 )

(4.1)

The concept of production function is a simple way to relate output quantity to resources.
By changing its production resources, a firm can increase or decrease its output or produce a
specific good by combining different proportions of inputs. Therefore, by increasing the
amount of one of the production resources and holding the rest constant, it is possible to
increase the output up to a certain level. For example, a production function with two
production factors of labor (𝑥1 ) and capital (𝑥2 ) and one output (𝑦) defined as shown in
Equation 4.2.
𝑦 = 𝑓(𝑥1 , 𝑥2 )

(4.2)

In this equation, y represents output volume, and 𝑥1 and 𝑥2 are respectively the first and the
𝛥𝑦

second inputs. As can be seen, the slope of the production curve ( ) increases up to point B
𝛥𝑥

and starts to decrease from that point on.
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Figure 4.1 Production function for one input

Product (𝑦)

The curve shown in Figure 4.2 represents the production function (production frontier)
and indicates a relationship between inputs and outputs. This curve shows the maximum
possible output that can be produced from a set of inputs at different levels.
Production function depends, to a great extent, on the efficiency and productivity of
inputs. However, the efficiency and productivity of inputs in turn depend on the production
methods. Improving the efficiency of inputs will decrease the consumption of inputs or
increase the quantity of outputs. Geometrically speaking, it will shift the production curve
upward (Figure 4.3). For example, installing a supervisory control and data acquisition
(SCADA) system in a water treatment plant will increase its efficiency by reducing labor
costs, controlling the consumed materials (chlorine, coagulants, etc.), controlling
consumption, managing water loss, etc.

𝑇𝑝′′
𝑇𝑝′

Input
(𝑇)
Figure 4.2 Impact of productivity and efficiency on production function
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4.1.1.1. Average Product
The average product is the quantity of total output produced per unit of a variable input,
holding all other inputs fixed. Assuming the total product (𝑇𝑃) is a function of one input (𝑥1 ),
the average product (𝐴𝑃) will be as written in Equation 4.3.
𝐴𝑃 =

𝑇𝑃
𝑋1

(4.3)

4.1.1.2. Marginal Product
The marginal product of an input is the change in output resulting from using one more unit
of a particular input, assuming that the quantities of other inputs held constant. Marginal
product defined as the change in total product (𝛥𝑇𝑃) is divided by change in inputs (𝛥𝑋)
(Equation 4.4 or Equation 4.5).
∆𝑇𝑃
∆𝑋
𝑇𝑃𝑛 − 𝑇𝑃𝑛−1
𝑀𝑃 =
𝑋𝑛 − 𝑋𝑛−1

(4.4)

𝑀𝑃 =

Product

(4.5)

𝐶
(𝑦)

𝐴

Input (𝑥)

Marginal
product
(𝑦)

Product

First
stage

𝑂

Second
stage

𝐹

Third
stage

𝐵
𝐷

𝑥0

𝑥1

Average
product

Input (𝑥)

Figure 4.3 Total, average and marginal production curves
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Geometrical representations of total, average and marginal product curves are as shown
in Figure 4.4. As can be seen in the figure, initially, the average product curve increases
rapidly up to point B, where it reaches its maximum value. Similarly, the marginal product
curve ascends to point 𝐹, where it also reaches its maximum value. Next, the curve falls until
it reaches point 𝐷, where production quantity is also at its maximum. Therefore, at the point
where the total quantity of the product is maximum (point 𝐶 ), the quantity of marginal
product is zero (point 𝐷). If the total product declines further, the marginal product will be
negative.
At point 𝐵, where the average product has reached its maximum value, marginal and
average products are always equal. If the marginal product curve rises, marginal product will
be greater than average product. Similarly, if the marginal product curve declines, average
product will be greater than marginal product.

4.2. Law of Diminishing Returns and Stages of Production
The different stages of production can be identified by drawing on the interrelationships
between total, average, and marginal product curves. By examining the relationship between
these three curves, the producer will be able to identify inefficient combinations of inputs.
The law of diminishing returns and the relationship between total, average and marginal
products can be represented in the following three stages (Figure 4.4).
 First stage: The interval between 0 and 𝑥0 is the first stage of production for labor. In this
area, by employing more work force, the labor efficiency can be improved and the total
product can be increased. Note that point 𝑥0 is the maximum of the average product.
 Second stage: The interval between 𝑥0 and 𝑥1 is the second stage of production for labor
which is also known as the economic region of production. 𝑥1 is the maximum point for
the total product and is obtained when the marginal product is set equal to zero.
 Third stage: The area of negative marginal product or diminishing marginal product is
the third stage of production for labor (𝑥 > 𝑥1 ).

4.3. Technical Rate of Substitution (TRS)
An Isoquant curve (producer’s indifference curve) represents the locus of all different
combinations of production factors of 𝑥1 and 𝑥2 which yield the same level of output.
Equation 4.6 represents an Isoquant curve for a certain level of output.
𝑦 0 = 𝑓(𝑥1 , 𝑥2 )

(4.6)
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In this equation, 𝑦0 is the constant level of production. The slope of the Isoquant curve
indicates the rate based on which 𝑥1 should be substituted for 𝑥2 or vice versa, so that the
production level remains constant. According to this definition, the slope of Isoquant curve
is the technical rate of substitution (Equation 4.7).
𝑑𝑥2
(4.7)
𝑇𝑅𝑆 = −
𝑑𝑥1
If we differentiate the production function (Equation 4.6), then we will have Equation 4.8.
𝑑𝑦 0 = 𝑓1 𝑑𝑥1 + 𝑓2 𝑑𝑥2

(4.8)

In this equation, 𝑓1 and 𝑓2 are the partial derivatives of 𝑦 with respect to 𝑥1 and 𝑥2 (marginal
products 𝑥1 and 𝑥2 ) and since 𝑑𝑦 0 = 0, we will have Equation 4.9.
𝑓1 𝑑𝑥1 + 𝑓2 𝑑𝑥2 = 0

(4.9)

Finally, Equation 4.10 is derived from Equation 4.9, which is another way to calculate
the technical rate of substitution.
𝑇𝑅𝑆 =

𝑑𝑥2
𝑓1
=−
𝑑𝑥1
𝑓2

(4.10)

4.4. The Elasticities of Substitution
The technical rate of substitution measures the slope of the Isoquant curve and the elasticity
of substitution measures the curvature of the Isoquant curve. To put it another way, the
elasticity of substitution indicates the percentage change in the ratio of inputs over the
percentage change in the technical rate of substitution while the output level is held constant.
The concept of elasticity of substitution was introduced by John Hicks 1. If a small change in
slope gives us a large change in the factor input ratio, the Isoquant is relatively flat which
means that the elasticity of substitution is large. The formula for elasticity of substitution (𝛿)
is provided in Equation 4.11.
𝑥
𝑑 ( 2)
𝑥1
𝑥2
𝑥
𝑥
( )
𝑑 ( 2 ) 𝑇𝑅𝑆
𝑑𝐿𝑛 ( 2 )
𝑥1
𝑥1
𝑥1
𝛿=
=
.
=
𝑑(𝑇𝑅𝑆) 𝑑(𝑇𝑅𝑆) (𝑥2 ) 𝑑𝐿𝑛(𝑇𝑅𝑆)
𝑥1
𝑇𝑅𝑆

1

Sir John Richard Hicks was a British economist.

(4.11)
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Note that the elasticity of substitution is asymmetric. In other words, the elasticity of
substitution of input 1 with input 2 (𝛿12) is equal to the elasticity of substitution of input 2
with input 1 (𝛿21) or (𝛿21 = 𝛿12).
Alternatively, we also can express the production cost for producing 𝑦 0 units of product
as shown in Equation 4.12.
𝑃1 𝑥1 + 𝑃2 𝑥2 = 𝐶 0

(4.12)

In this equation, 𝑃1 is the price of input 1, and 𝑃2 is the price of input 2. By differentiating
Equation 4.12, Equation 4.13 is obtained, and since 𝑑𝐶 0 = 0, Equation 4.14 is always true.
𝑃1 𝑑𝑥1 + 𝑃2 𝑑𝑥2 = 𝑑𝐶 0
𝑑𝑥2
𝑃1
𝑇𝑅𝑆 =
=−
𝑑𝑥1
𝑃2

(4.13)
(4.14)

Therefore, the elasticity of substitution is as written in Equation 4.15.
𝑥
𝑑 ( 2)
𝑥1
𝑥2
𝑃
𝑥
𝑥
( )
( 1 ) 𝑑 ( 2 ) 𝑑𝐿𝑛 ( 2 )
𝑥1
𝑃2
𝑥1
𝑥1
𝛿=
= 𝑥 .
=
𝑃
𝑃
𝑃1
2
𝑑 ( ) (𝑥 ) 𝑑 (𝑃1 ) 𝑑𝐿𝑛 (𝑃1 )
𝑃2
1
2
2
𝑃1
( )
𝑃2

(4.15)

Here, the elasticity of substitution is equal to percentage change in the ratio of demand
for the second input to demand for the first input, divided by the percentage change in the
ratio of the price of the first input to the price of the second input. Since, the changes in the
ratio of the inputs is measured for a constant production curve; the elasticity of substitution
(𝛿) shows the net elasticity of substitution.2

2

Mathematically speaking, the elasticity of substitution (σ) is the inverse of the curvature of production Isoquant
curve.
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When, there are more than two inputs in the production process, the marginal rate of
technical substitution (𝑓2 /𝑓1 ) is not separately measured. To avoid this ambiguity, we will
need more hypotheses that lead to other definitions for the elasticity of substitution (𝛿) that
is called Hicks’s elasticity of substitution ( 𝐻𝐸𝑆 ). Under the assumptions of perfect
competition and profit maximization, the Equation 4.16 is provided for measuring the
elasticity of substitution by using the equality of (𝑓2 /𝑓1 ) with the ratio of input prices
(𝑃2 /𝑃1 ).
𝑥
𝑑𝐿𝑛 ( 𝑖 )
𝑥𝑗
𝐻𝐸𝑆 =
𝑃𝑗
𝐿𝑛 ( )
𝑃𝑖

(4.16)

This definition provided a basis for extending the concept of elasticity of substitution for
production functions with various inputs. There is a general consensus in the economic
literature that in order to present an ideal concept for substitutions with various inputs, the
optimal adjustment in relative demand for inputs should be calculated by assuming that the
price ratio of two selected inputs (𝑥𝑖 , 𝑥𝑗 ) changes. Note that, here, all inputs are flexible and
it is assumed that the production functions are fixed and the total cost of the firm is
minimized. This measure generally called Hicks-Allen’s elasticity of substitution (𝐻𝐴𝐸𝑆)
(Equation 4.17).
𝑥
𝜕𝐿𝑛 ( 𝑖 )
𝑥𝑗
𝜕𝐿𝑛(𝑥𝑖 ) 𝜕𝐿𝑛(𝑥𝑗 )
𝐻𝐴𝐸𝑆𝑖𝑗 =
=
−
𝑃𝑗
𝑃𝑗
𝑃𝑗
𝜕𝐿𝑛 ( ) 𝜕𝐿𝑛 ( ) 𝜕𝐿𝑛 ( )
𝑃𝑖
𝑃𝑖
𝑃𝑖

(4.17)

In this equation, it is assumed that only the relative price of the two inputs 𝑖 and 𝑗 changes
and this change impact on all other inputs. If all inputs other than these two are assumed to
be fixed, Hicks-Allen’s elasticity of substitution will be the Hicks’s elasticity of substitution,
which can be construed as the short-run elasticity of substitution between the two inputs in
question (inputs 𝑖 and 𝑗).
Cross-price elasticities, Allen’s elasticity of substitution ( 𝐴𝐸𝑆 ) and Morishima’s
elasticity of substitution (𝑀𝐸𝑆) are special cases of the comprehensive relation of HicksAllen (Equation 4.17).
Cross-price elasticities (𝜂𝑖𝑗 ), which are calculated based on Equation 4.18, only measure
the relative changes in demand for input 𝑖 with respect to changes in the price of input 𝑗
(assuming that all other inputs and the output level remain fixed). Therefore, here, the second
expression in the Hicks-Allen’s relation is ignored. According to Mundlak’s classification,
cross-price elasticities is obtained through Equation 4.18.
𝜂𝑖𝑗 =

𝜕𝐿𝑛 𝑥𝑖
𝜕𝐿𝑛 𝑃𝑗

(4.18)
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4.4.1. Allen’s Elasticity of Substitution
Hamermesh conducted a series of comprehensive studies on the subject of elasticity of
substitution from 1965 to 1990. According to him, the measure of Allen’s elasticity of
demand has been widely employed in applied research to examine the substitution between
various factors of production. Allen introduced the relationship between the cross-price
elasticities (𝜂𝑖𝑗 ) and Hicks’ elasticity (𝜎) as Equation 4.19.

𝜂𝑖𝑗 =

𝑥𝑗 𝑃𝑗
. 𝜎 = 𝑠𝑗 . 𝜎
𝑦. 𝑃

(4.19)

In this equation, 𝑦 and 𝑝 is output and price of output, respectively. 𝑆𝑗 is the share of input
𝑗 with respect to the total revenue and obtained based in Equation 4.20.

𝑆𝑗 =

(𝑋𝑗 × 𝑃𝑗 )
(𝑃 × 𝑦)

(4.20)

For the special case of a homogeneous production function, 𝑆𝑗 is obtained as shown in
Equation 4.21, which represents the share of input 𝑗 in the total costs.
𝑆𝑖 =

𝑋𝑖  𝑃𝑖
𝐶

(4.21)

In a multi-input setting, Allen’s elasticity of substitution can be considered the expansion
of the Hicks’s elasticity of substitution (𝜎) (Sato & Koizumi). Through duality theorem and
cost function 𝐶 = 𝐶(𝑦, 𝑃1 , … , 𝑃𝑛 ) with Shephard’s lemma of (𝑥𝑖 = 𝜕𝐶/𝜕𝑃𝑖 ), cross-price
elasticities of demand for the input (𝜂𝑖𝑗 ) will be converted into Equation 4.22.

𝜂𝑖𝑗 =

𝜕𝐿𝑛 𝑥𝑖 𝑃𝑗 𝜕𝑥𝑖 𝑃𝑗
= .
= 𝐶
𝜕𝐿𝑛 𝑃𝑗 𝑥𝑖 𝜕𝑃𝑗 𝑥𝑖 𝑖𝑗

Here, 𝐶𝑖𝑗 is the second partial derivative of (

(4.22)

𝜕2 𝐶
𝜕𝑃𝑖 𝜕𝑃𝑗

). By completing this equation with 𝑥𝑗

and 𝐶 by means of the Shephard’s lemma, Equation 4.23 will be obtained.
𝜂𝑖𝑗 =

𝑃𝑗 𝑥𝑖 𝐶𝐶𝑖𝑗 𝑃𝑗 𝑥𝑗 𝐶𝐶𝑖𝑗
𝐶𝐶𝑖𝑗
.
=
.
= 𝑆𝑗
𝐶 𝑥𝑖 𝑥𝑗
𝐶 𝐶𝑖 𝐶𝑗
𝐶𝑖 𝐶𝑗

(4.23)
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By comparing the Equations 4.22 and 4.23, we will obtain the dual form of Allen’s
elasticity of substitution. This concept was introduced by Uzawa for first time and it is
currently known as the Allen-Uzawa’s elasticity of substitution. Allen’s elasticity of
substitution shows the percentage change in the demand for input 𝑖 resulting from a one
percent change in the price of input 𝑗 assuming that the output and price of other inputs are
held constant.

𝐴𝐸𝑆𝑖𝑗 =

𝐶𝐶𝑖𝑗
𝐶𝑖 𝐶𝑗

(4.24)

4.5. Returns to Scale

Labor (𝐿)

Product (𝑦)

Product (𝑦)

Product (𝑦)

Returns to scale is a long-run concept and reflects the quantitative change in output of a firm
resulting from a proportionate increase in all inputs. If all inputs change by a specific
proportion and the output changes by the same proportion, there will be constant returns to
scale. However, if the output changes by a larger proportion, there will be increasing returns
to scale. Also, if the output changes by a smaller proportion, there will be decreasing returns
to scale (Figure 4.5 and Equation 4.25).

Lbor (𝐿)

Labor (𝐿)

Figure 4.4 Constant (left), decreasing (middle) and increasing (right) returns to scale

𝑓(𝑡 𝑥) = 𝑡 𝑓( 𝑥 ) → 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑅𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑆𝑐𝑎𝑙𝑒
𝑓(𝑡 𝑥) > 𝑡 𝑓( 𝑥 ) → 𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑅𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑆𝑐𝑎𝑙𝑒
𝑓(𝑡 𝑥) < 𝑡 𝑓( 𝑥 ) → 𝐷𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑅𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑆𝑐𝑎𝑙𝑒

(4.25)
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4.6. Isoquant Product Curve

(𝐾)

Capital

An Isoquant product curve3 shows the different combinations of inputs that firms use to
produce a specified level of output in the long-run (Figure 4.6). In fact, an Isoquant curve is
the locus of different combinations of inputs yielding the same output. A higher Isoquant
curve represents a greater quantity of product and a lower one indicates a smaller quantity of
product.

𝐴

𝐵
𝐶

Labor (𝐿)
Figure 4.5 Representation of an Isoquant curve

Each point on an Isoquant curve represents a bundle of two inputs of labor (𝐿) and capital
(𝐾) yields a fixed amount of output (Equation 4.26).
𝑦 = 𝑓(𝑥1 , 𝑥2 ) ≡ 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝜕𝑓
𝜕𝑓
𝑑𝑥 +
𝑑𝑥 = 0
𝜕𝑥1 1 𝜕𝑥2 2

(4.26)
(4.27)

Therefore, the slope of any Isoquant curve is as shown in Equation 4.28.
𝑑𝑓
𝑑𝑥2
𝑀𝑃1
𝑑𝑥1
=−
=−
= −𝑀𝑅𝑇𝑆12
𝑑𝑓
𝑑𝑥1
𝑀𝑃2
𝑑𝑥2

(4.28)

The slope of an Isoquant curve is equal to the marginal rate of technical substitution
(𝑀𝑅𝑇𝑆) or it is equal to the ratio of marginal product (𝑀𝑃) of two inputs. Like consumer’s
indifference curves, Isoquant production curves have five characteristics:
 Higher Isoquant Product Curves represent higher level of output.
 Isoquant Product Curves slope is always negative. Their slope downward from left
to right. The negative slope of Isoquant curves allows an input to be substituted with
another input, while the output level always remains constant.
 Two Isoquant Product Curves never cut each other.
 Isoquants are convex to the origin.

3

In some economic texts, Isoquant curves have been referred to as “equal product curves” or “constant product
curves”.
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There are many other Isoquant curves between two Isoquant curves.

4.7. Isocost Line
The Isocost line illustrates all the possible combinations of two factors (𝑥1 and 𝑥2 ) used at
given costs and for a given producer's budget and it is obtained as shown in Equation 4.29.
𝐶 = 𝑤1 𝑥1 + 𝑤2 𝑥2 ≡ 𝑐𝑜𝑛𝑠𝑡

(4.29)

The slope curve is obtained by taking the differential of Equation 4.29 as shown in
Equation 4.30 or Equation 4.31.
𝑤1 𝑑𝑥1 + 𝑤2 𝑑𝑥2 ≡ 0
(

(4.30)

𝑑𝑥1
𝑤1
) = −( )
𝑑𝑥2
𝑤2

(4.31)

Capital (𝐾)

The geometrical representation of an Isocost line is as shown in Figure 4.7. In this figure,
point A represents the total cost paid for the capital input (𝐾) and point B shows the total cost
paid for the labor input (𝐿).

𝐴 = 𝑇𝐶/𝑤2

𝛼 = −𝑤1 /𝑤2

𝐵 = 𝑇𝐶/𝑤1
Labor (𝐿)
Figure 4.6 Isocost line for two inputs with specified prices

The Isocost function is a linear function with the slope of −𝑤1 /𝑤2 . An Isocost line may
shift for two reasons:
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4.7.1. Change in the Total Cost
If the total cost increases, the Isocost line will shift to the right (the Isocost line 𝐶𝐶′) and if
the total cost decreases, Isocost line will shift to the left (the Isocost line 𝐴𝐴′) (Figure 4.8).
𝑥2
𝐶
𝐵

𝐴

𝐴′

𝐶 𝑥1

𝐵′

Figure 4.7 Impact of the total cost on the Isocost line

4.7.2. Change in the Price of Inputs

Capital (𝐾)

If the price of labor (𝐿) decreases, the Isocost line will rotate to the right (the Isocost line
𝐵𝐵′′) and if its price increases, the Isocost line will rotate to the left (the Isocost line 𝐵𝐵′′′).

𝐵′′′

𝐵′

𝐵′′

Labor (𝐿)

Figure 4.8 Impact of change in the price inputs on the Isocost line

The Theory of the Firm | 105

4.7.3. Special Cases of Isocost Line

Capital (𝐾)

If an input, for example, labor, is available for free, the Isocost line will be parallel to the
labor axis and if the capital is provided for free, the Isocost line will be parallel to the capital
axis (Figure 4.10).

Isocost

Labor (𝐿)

Capital (𝐾)

Figure 4.9 Isocost line with labor assumed as free

Isocost

Labor (𝐿)
Figure 4.10 Isocost line with capital assumed as free
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4.8. The Optimal Point of Production

Capital (𝐾)

Most firms maximize profit to reach to the optimal level of production. To this end, the
Isoquant and Isocost curves are employed to determine the optimal level of production. In
order to reach the maximum profit, the firms should operate at the highest Isoquant curve to
which the Isocost line is tangent. According to Figure 4.11, point 𝐺 represents the optimal
level of production.

𝐺

𝐼4
𝐼3
𝐼2

𝐼1
Labor (𝐿)
Figure 4.11 The optimal production curve

4.9. Producer Equilibrium
Producer equilibrium refers to a situation that producers get maximum profit or they get
minimum cost for specific level of output. Producers should move to higher Isoquant curves
within the given constraints to reach to the equilibrium. Therefore, the optimal point of
production with respect to the limited resources is point 𝐺 (Figure 4.12). The equilibrium is
located at points of tangency of Isoquant product curves with Isocost curves (Equation 4.32).
This equation indicates that the ratio of marginal product of two inputs is equal to the ratio
of price of input.
𝑀𝑃1 𝑃1
=
𝑀𝑃2 𝑃2

(4.32)

The firm’s cost is minimum at a specific production level just for these points. A set of
such points results in the formation of equilibrium points. In geometrical terms, tangency of
Isoquant product curves with Isocost curves denotes profit maximization.
The Isocost curve and equilibrium point change due to the change in total cost too. By
joining equilibrium points, a curve is obtained known as expansion path. Therefore,
expansion path is the locus of producer equilibrium points generated by changes in the total
outlay. Accordingly, at every single point along the expansion path, the producer is in
equilibrium (Figure 4.12).

Capital (𝐾)
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Expansion path
MRTS12= 𝑤1 /𝑤2

Labor (𝐿)
Figure 4.12 Short-run expansion path

The shape of expansion path depends upon whether inputs are ordinary or inferior. Thus,
in the economic literature, inputs are divided into the two following types:

4.10. Profit Maximization
From an economic point of view, when the production methods employed by the firms are
specified, the concern is to determine how profit (sum of revenues minus costs) can be
maximized. Revenue is equal to the sum of multiplication of the quantity of the product by
the price of product and cost is equal to the sum of multiplication of the quantity demanded
of the inputs by the price of input.
A production function shows the production methods. This production function is the
relationship between physical quantities and engineering considerations and represents the
maximum amount of output produced by different combinations of inputs.
The production function of a firm producing one output by using two inputs is given by
𝑦 = ƒ(𝑥1 , 𝑥2 ). It is usually assumed that production functions are continuously differentiable.
In this case, the functions of the partial derivatives of this function are also continuous.
The main point is that firms determine the output level and the quantity demanded of the
inputs based on Equation 4.33, such that condition 𝑦 = ƒ(𝑥1 , 𝑥2 ) is always satisfied.
𝑀𝑎𝑥𝑦,𝑥1 ,𝑥2 𝛱 = 𝑃 × 𝑦 − 𝑤1 𝑥1 − 𝑤2 𝑥2

(4.33)

In this equation:
𝛱: Profit.
𝑃: Price of the output.
𝑤1 , 𝑤2 : Prices of inputs.
If the constraint of the production function substituted into the profit function, the profit
maximization function will be obtained as written in Equation 4.34.
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𝑀𝑎𝑥𝑦,𝑥1 ,𝑥2 𝛱 = 𝑃 × 𝑓(𝑥1 , 𝑥2 ) − 𝑤1 𝑥1 − 𝑤2 𝑥2

(4.34)

The first order condition for profit maximization under perfect competition (a situation in
which the prices of 𝑃, 𝑤1 , and 𝑤2 are determined in their own markets) is given by Equations
4.35 and 4.36.
𝜕Π
𝜕𝑓
=𝑃
− 𝑤1 = 0
𝜕𝑥1
𝜕𝑥1
𝜕Π
𝜕𝑓
=𝑃
− 𝑤2 = 0
𝜕𝑥2
𝜕𝑥2

(4.35)
(4.36)

This condition simply says that the value of the marginal product of each factor must be
equal to its price. Equations 4.35 and 4.36 indicate that Equation 4.37 should always be true.
𝑤𝑗
𝜕𝑓
= 𝑀𝑃𝑗 =
𝜕𝑥𝑗
𝑃

𝑗 = 1, 2

(4.37)

The partial derivative of Equation 4.37 shows the marginal product. According to this
condition, marginal product of each input should be equal to the real price of that input (price
of the input divided by the price of the output). In addition, the Equation (4.38) can be derived
from (4.37). This equation implies that the ratio of the marginal products of inputs should be
equal to the ratio of its prices and equal to the marginal rate of technical substitution between
inputs 𝑗 and 𝑘.
𝑀𝑅𝑇𝑆𝑗𝑘 =

𝑀𝑃𝑗
𝑤𝑗
=
𝑀𝑃𝑘 𝑤𝑘

𝑗, 𝑘 = 1, 2

(4.38)

From Equations 4.37 and 4.38, the input demand equations are obtained as shown in
Equation 4.39.
𝑥𝑗 = 𝑥𝑗 (𝑤1 , 𝑤2 , 𝑃) 𝑗 = 1,2

(4.39)

Input demand functions are functions of the price of inputs and the price of the output and
obtained by maximizing the profit function. By inserting, the inputs demand functions into
the production function, we will have the supply function (Equation 4.40).
𝑦 = 𝑦(𝑤1 , 𝑤2 , 𝑃)

(4.40)

In other words, when the output is specified [𝑦 = ƒ(𝑥1 , 𝑥2 )], the optimal input demand
depends on the prices of the inputs as well as the output [𝑥𝐽 = 𝑥𝑗 (𝑤1 , 𝑤2 , 𝑃)]. The system of
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the above equations is called the system of input demand functions. In a broad sense, for a
firm with n inputs, Equation 4.41 is always true.
𝑥𝑗 = 𝑥𝑗 (𝑤1 , 𝑤2 , . . . , 𝑤𝑛 , 𝑃) j = 1,2,3, . . . , 𝑛

(4.41)

In the above equation, 𝑤𝑗 is the price of the 𝑗𝑡ℎ input and if the prices of the output and
other inputs are assumed to be fixed, its function is as written in Equation 4.42.
xj =Dj (wj ) = xj (w
̅ 1 ,w
̅ 2 ,…,w
̅ j ,…,w
̅ n , P̅ )

(4.42)

Equation 4.42 is the demand curve of the 𝑗𝑡ℎ input. The optimal quantity of output is also
a function of the price level of inputs and the price of output [(𝑦 = 𝑦𝑗 (𝑤1 , 𝑤2 , … , 𝑤𝑛 , 𝑝)]
and if the prices of all inputs are assumed to be constant, Equation 4.42 will be the supply
curve. Input demand curves and the supply curve are all determined based on the production
methods expressed by the production function (Equation 4.43).
𝑦 = 𝑆(𝑃) = 𝑦(𝑤
̅1 𝑤
̅2 𝑤
̅3  … 𝑤
̅𝑛 𝑃)

(4.43)

If the input demand functions and the supply function are substituted into the profit
function, then we will have the profit function (Equation 4.44).
𝛱 = 𝛱(𝑤1 , 𝑤2 , 𝑃) = 𝛱(𝑤, 𝑃)

(4.44)

This function, which shows the dependence of the maximum profit on the prices of output
and inputs and it is called profit function. As a final point, for profit maximization, the
following sufficient conditions should be satisfied.
𝑓11 < 0

[

𝑓11
𝑓21

𝑓12
]>0
𝑓22
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4.11. Properties of Profit Function
As mentioned in the previous section, the maximum profit is a function of the price of the
output and the price of the inputs. The profit function possesses several important properties
that follow directly from its definition. If the vector of prices represented by 𝑃, the profit
function 𝛱(𝑃) will have four specific properties as follows:
It is no decreasing in the output price and no increasing in input prices (Equation 4.45)
𝑃𝑖 ′ ≥ 𝑃𝑖
𝑜𝑢𝑡𝑝𝑢𝑡 𝑝𝑟𝑖𝑐𝑒
𝑃𝑗 ′ ≤ 𝑃𝑗
𝑖𝑛𝑝𝑢𝑡 𝑝𝑟𝑖𝑐𝑒
𝜋(𝑃′) ≥ 𝜋(𝑃)

(4.45)

It is Homogeneous of degree 1 in price. (Equation 4.46).
𝜋(𝑡𝑃) = 𝑡𝜋(𝑃)

(4.46)

It is convex in prices (Equation 4.47).
𝜋(𝜆𝑃 + (1 − 𝜆)𝑃′ ) ≤ 𝜆𝜋(𝑃) + (1 − 𝜆)𝜋𝑃′

(4.47)

It is continuous in price vectors.

4.11.1. Supply and Demand Functions from the Profit Function
(Hoteling’s Lemma)
According to what was mentioned about the firms’ profit maximization, it is easy to derive
the supply function of a firm. Hoteling’s lemma can help us obtain the supply function by
giving the profit function. To use the Hoteling’s lemma, it is assumed that the profit function
𝛱(𝑤, 𝑃) is differentiable at 𝑝 and 𝑤. Therefore, we will have the following two situations:

4.11.2. The supply Function
If we take the derivative of the profit function with respect to the output price, the supply
function will be obtained as written in Equation 4.48.

𝑦(𝑝, 𝑤) =

𝜕𝜋(𝑃, 𝑤)
𝜕𝑃

(4.48)
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4.11.3. The Input Demand Functions
If we take the derivative of the profit function with respect to the price of inputs, the input
demand functions will be obtained as written in Equation 4.49.

𝑥𝑖 (𝑃, 𝑤) = −

𝜕𝜋(𝑃, 𝑤)
𝜕𝑤𝑖

(4.49)

4.12. Properties of Input Demand and Supply Functions
Input demand and supply functions have the following properties:
Input demand functions are Homogeneous of degree 1 (Equation 4.50). If the prices of
all inputs and the output change by the same proportion, the demand for inputs will remain
unchanged.
𝑥𝑖 (𝑡𝑃, 𝑡𝑤) = 𝑥𝑖 (𝑃, 𝑤)

(4.50)

The slope of the input demand function is decreasing (Equation 4.51). If the price of the
inputs increases, the demand for them will decrease, too.
𝜕𝑥1
<0
𝜕𝑤1

𝜕𝑥2
<0
𝜕𝑤2

(4.51)

The slope of the supply function is increasing, which means if the price of the output
increases, then the firms increase their production and sell more products. (Equation 4.52).
𝜕𝑦
>0
𝜕𝑃

(4.52)

4.13. Types of Production Function (Flexible Production
Functions)
There are various types of production functions including Cobb-Douglas production
function, production function with constant elasticity of substitution (C.E.S), translog
production function, Leontief (fixed proportions) production function, Spillman production
function, and transcendental production function which will be briefly addressed in this
section.
In econometric studies, estimation of the production function requires the specification
of a functional form for the production function. Employing any type of production function
will impose particular limitations on the results of the study. Therefore, effort must be made
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to use a form of function that imposes the least possible limitation, or in econometric terms,
a form that is highly flexible.

4.13.1. Cobb–Douglas Production Function
This production function is a particular type of mathematical model known as power function
and used to determine the relationship between inputs and outputs. Cobb-Douglas function
is one the most important production functions and has a wide range of applications. This
production function is represented in Equation 4.53.
𝑎𝑗

𝑄 = 𝐴 × ∏𝑛𝑖=1 𝑥𝑗 = 𝐴𝑥1𝑎1 𝑥2𝑎2 …𝑥𝑛𝑎𝑛

(4.53)

According to the equation above, the Cobb–Douglas function has a nonlinear form.
However, it will be transformed into a linear function by taking its logarithm.
In this equation:
𝑥𝑗 > 0: Input.
𝑄: Output quantity.
𝐴: Scale parameter (productivity parameter).
𝑎𝑗 > 0: Parameters (output elasticity).
Returns to scale measure how much additional output is increased when all inputs
increase proportionally. If the output increases more than proportionally, we say we have
increasing returns to scale. If the output increases less than proportionally, we say we have
decreasing returns to scale. If the output increase proportionally, we say we have constant
returns to scale.
In the case of the Cobb-Douglas production function, to check how much will output
increase when all inputs increase proportionally, we multiply all inputs by a constant factor
(  ). As we can see based on Equation 4.54 if all inputs change by a factor of  , output
increases by 𝛾 ∑ 𝑎𝑗 .
𝑛

𝐹(𝛾𝑋) = 𝐴 ∏

(𝛾𝑥𝑗 )𝑎𝑗 = 𝛾 ∑ 𝑎𝑗 𝑄

(4.54)

𝑖=1

Then in this case, the three following situations can arise.
𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒𝑎𝑗 = 1
→ 𝐹(𝑥) = 𝑥
𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒𝑎𝑗 > 1 → 𝐹(𝑥) > 𝑥
𝐷𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒𝑎𝑗 < 1 → 𝐹(𝑥) < 𝑥

(4.55)
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4.13.2. The CES Production Function
The general form of this function is shown in Equation 4.56, the condition −1 < 𝑝 < ∞ is
always satisfied.
−ℎ
𝜌

𝑛
−𝜌

(4.56)

𝐹(𝐴) = 𝐴 [∑ 𝑎𝑗 𝑥𝑗 ]
𝑗=1

In this equation:
𝑥𝑗 > 0: Input.
𝑄: Output quantity.
𝐴 > 0: Scale parameter.
𝑎𝑗 > 0: Distribution parameter.
ℎ > 0: Homogeneity order of the function.
𝜌: Substitution parameter.
It is easy to verify that the CES function exhibits constant returns to scale. The CES
function contains several other well-known production functions as special cases, depending
on the value of the parameter 𝜌. If all of the inputs change by the amount of  > 0, the
marginal effect of these changes on the production function will be as shown in Equations
4.57 and 4.58.
−ℎ
𝜌

𝑛
−𝜌

𝐹(𝛾𝑋) = 𝐴𝛾 ℎ [∑ 𝑎𝑗 𝑥𝑗 ]

(4.57)

𝑗=1

𝐹(𝛾𝑋) = 𝛾 ℎ 𝑄

(4.58)

If ℎ = 1, the function will be homogeneous degree 1 and its coefficient of elasticity of
substitution is obtained through Equation 4.59.
1
𝜎=
(4.59)
1+𝜌

4.13.3. Leontief (Fixed Proportions) Production Function
The main assumption of the Leontief production function is that production requires a fixed
proportion of inputs. If a firm required 𝛼 unit of labor (𝐿) and 𝑉 unit of capital (𝐾) to produce
one unit of output (𝑄), the production function takes the form of Equation 4.60.

𝑄𝑡 = 𝑚𝑖𝑛 [

𝐾𝑡 𝐿𝑡
, ]
𝑉 𝛼

(4.60)
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Capital (𝐾)

This function with the two inputs labor (𝐿) and capital (𝐾) are represented in Equation
4.14. These production factors cannot be substituted for the other factors. Since α and 𝑉 are
fixed, all of the Isoquant curves which represent the fixed levels of output (𝑄), will be Lshaped and their vertices will be located on the ray passing the origin and will have the slope
of 𝑉/𝛼. If labor (𝐿) and capital (𝐾) are fully exploited, then the level of production (𝑄) will
be equal to 𝑉/𝐾 or 𝐿/ 𝛼 so that the equations (𝐾/𝑉) = (𝐿/𝛼) and (𝐾/𝐿) = (𝑉/𝛼) are
always satisfied.

𝑉/𝑎

𝐵

𝑄1

𝐴
𝑄2
𝑎
Labor (𝐿)
Figure 4.13 Leontief (fixed proportions) production function

If, for a firm, the ratio of capital to labor is greater than 𝑉/𝛼, there will be a surplus of
capital, and if (𝐾/𝐿) is smaller than 𝑉/𝛼, then labor surplus (unemployment) will exist.

4.13.4. Translog Production Function
Production function such as Cobb-Douglas and Constant Elasticity of Substitution (CES)
place a restriction on elasticity of substitution. Alternatively, the Translog function is
sufficiently flexible. The Translog function allows for variability of Allen partial elasticities
of substitution and for using any number of inputs. The two-input form of this function is
defined as shown in Equation 4.61.
𝑙𝑜𝑔 𝑄 = 𝑙𝑜𝑔 𝛾0 + 𝛼1 𝑙𝑜𝑔 𝑋1 + 𝛽1 𝑙𝑜𝑔 𝑋2 + 𝛼2 (𝑙𝑜𝑔 𝑋1 ) 2 +
𝛽2 (𝑙𝑜𝑔 𝑋2 ) 2 + 𝛾1 𝑙𝑜𝑔 𝑋1 𝑙𝑜𝑔 𝑋2
The generalized form of the translog function is as shown in Equation 4.62.

(4.61)
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1
𝑙𝑜𝑔 𝑄 = 𝑙𝑜𝑔 𝛾0 + ∑ 𝛼𝑖 𝑙𝑜𝑔 𝑋𝑖 + ∑ ∑ 𝛽𝑖 𝑙𝑜𝑔 𝑋𝑖 𝑙𝑜𝑔 𝑋𝑗
2
𝑖

(4.62)

𝑗

4.13.5. Spillman Production Function
This production function, by taking the two inputs of labor (𝐿) and capital (𝐾) into account
is defined in the following manner (Equation 4.63).

𝑄 = 𝐴(1 − 𝛼 𝐾 )(1 − 𝛽 𝐿 )

(4.63)

In this equation,𝛽,𝛼, and 𝐴 are the parameters to be estimated. The parameters 𝛽 and 𝛼
would normally be expected to fall between zero and one and their sum also falls within the
same interval. The main feature of this function is that if the quantity of one of the inputs
increases, the function increases at a decreasing rate.

4.13.6. Linear Production Function
The form of this function, by taking the two inputs of labor (𝐿) and capital (𝐾) into account,
is as written in Equation 4.64.

𝑄 = 𝑎1 𝐿 + 𝑎2 𝐾

(4.64)

The Isoquant curves of this type of technology will take the form of straight lines, and in
this case, there is perfect substitution between the inputs. Therefore, firms will choose the
cheaper inputs and the elasticity of substitution for this case will be infinity (𝜎 = ∞).

4.14. Cost Theory
Cost is part of financial resources or expenses an individual or a firm pay for purchasing or
making a product or using specific services. Identification and effective management of costs
are conducted with the aim of determining the final product cost and selling price, calculating
the expected profit, reducing waste, increasing efficiency and productivity, eliminating the
low-profit products, increasing the production level of high-profit products, etc.
The relationship between the quantity and the costs of production is defined as a “cost
function”. A cost function shows the minimum cost of production given a specific quantity
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produced. Economic costs include both explicit and implicit costs 4. There is also a direct
relationship between the production function and cost function.
The production costs examined in the short-run and long-run periods are divided into the
fixed and variable costs with respect to the tendency of the level of business activities.

4.14.1. Fixed Costs
Fixed costs are the costs that do not change as a result of changes in the activity level, and
their quantity is fixed at all levels of operational activity or at least over a given range of
production quantity (Equation 4.65 and Figure 4.14). Rental expenses or the depreciation of
the fixed assets (straight-line method) is examples of the fixed costs whose quantity fixed at
any level of production.
𝐹𝐶 = 𝑎
Cost (𝐶)

(4.65)

𝐹𝐶 = 𝑎
𝐴1

𝐴2

𝑄1

𝑄2

Quantity (𝑄)

Figure 4.14 Total fixed costs

Note that, the fixed costs per unit of output (average fixed costs) are variable (Equation
4.66), or more precisely, there is an inverse relationship between the fixed costs per unit of
output and the quantity of output. This is of considerable importance in cost-controlling and
cost-planning managerial decisions (Equation 4.15). The average fixed cost curve for the
entire level of the output is always decreasing and as the quantity of the output increases, it
gets closer to the horizontal axis (quantity of output), despite never reaching zero.
𝐴𝐹𝐶 =

4

𝐹𝐶
𝑄

(4.66)

In accounting terms, cost refers to the flow of the reduction or depreciation of the assets or incurring liabilities
within a period resulting from the production or delivery of goods or provision of services or other activities in
line with the main and ongoing operations of a business unit.

Cost (𝐶)
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Quantity (𝑄)
Figure 4.15 Average fixed costs

Cost (𝐶)

From a control, managerial, and decision-making point of view, the fixed costs can be
divided into two categories, namely, committed fixed costs and discretionary fixed costs. The
committed fixed costs cannot be easily eliminated without incurring either legal penalties or
seriously damaging the profitability and long-run viability of a business (e.g., insurance and
depreciation). Discretionary fixed costs can be controlled or reduced according to
organizational circumstances and are not legally mandated, (e.g., employee training, research
and development).
In many cases, costs exhibit a semi-fixed (step-cost) behavior and as the level of output
increases, they rise in a stair-step fashion (Figure 4.16). For example, if the cost of the
depreciation of the water equipment and facilities in a certain urban region is calculated
through the straight-line method and recorded in the financial accounts, it is considered a
fixed cost. However, when the population grows and consequently the increase in the volume
of water supplied to the new subscribers requires the construction and development of new
equipment and facilities, the depreciation (as a fixed cost) increases.

Quantity (𝑄)
Figure 4.16 Semi-fixed costs (step costs)

4.14.2. Variable Costs
Variable costs5 are expenses that change in proportion with production output. Variable costs
increase or decrease in direct proportion to changes in the activity level. In the linear variable
cost, changes in cost items and activity level are in fixed proportion to each other (4.67).
Variable costs curve is determined with respect to the shape of the production curve. The
electricity and energy costs of an urban water supply network are examples of variable costs.

5

In some cases, variable costs are referred to as manageable costs, because generally it is the management team

that can decide about them.
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𝑉𝐶 = 𝑓(𝑄) = 𝑏𝑄

(4.67)

In this equation, 𝑏 represents the total variable costs of one unit of production (slope) and
is always positive. Therefore, the sum of variable costs increases in proportion to the increase
in production. As a result, variable costs are also called direct variable costs (Figure 4.17).
II

𝐵

(C)

(C)

Cost

Cost

I

𝐴

Quantity (𝑄)

Quantity (𝑄)

Figure 4.17 Behavior of linear (I) and nonlinear variable costs (II)

When the quantity of product is equal to zero, the variable cost will be zero. However, as
the production level increases, the quantity of variable costs increases. The law of
diminishing returns directly applies to variable cost curve. According to Figure 4.17 (part II),
up to the turning point (𝐴), the firms employ small quantities of variable inputs such that the
variable cost curve increases at a decreasing rate from the origin to the turning point. 6
The slope of the curve between points 𝐴 and 𝐵 is constant and the variable costs increase
at an increasing rate after point 𝐵. In other words, the increase in variable costs for each
additional unit of production is greater than the increase associated with the preceding unit
of production.
Although variable costs have a direct relationship with production volume, the curve of
the linear variable costs per unit of output (average variable cost or 𝐴𝑉𝐶) is constant and
geometrically parallel to the product axis (Equation 4.68 and Figure 4.18). The nonlinear
average variable cost that is calculated by Equation 4.68 has a positive slope and its
geometrical is represented in figure 4.19.
𝐴𝑉𝐶 =

6

𝑉𝐶
𝑄

This concept is known as “learning curve” in financial management.

(4.68)

Cost (𝐶)
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Averag
cost

𝑄1

Cost (𝐶)

Figure 4.18 Linear average variable costs

Quantity (𝑄)
Figure 4.19 Nonlinear average variable costs

The average variable cost is equal to the slope of the line joining the variable cost curve
to the origin. Apart from the fixed and variable costs, also there are other costs called mixed
cost. A mixed cost is a cost that contains both a fixed cost component and a variable cost
component. One example of mixed costs is the bills of public utilities such as water and
wastewater, electricity, gas, and telephone. These utility bills are comprised of different types
of charges including a fixed fee (subscription) and variable charge. (Figure 4.20). According
to this figure, a portion of a mixed cost may be present in the absence of all activity at point
𝑃(𝑋1 ), in addition to which the cost may also increase as activity levels increase.

Cost (𝐶)

120 | Urban Water Economics

𝑃(𝑋1 )

𝑄1

𝑄2

Quantity (𝑄)

Figure 4.20 Mixed linear average variable costs

4.14.3. Total Cost (𝑻𝑪)
Total cost consists of fixed and variable costs. Total cost is calculated based on Equation 4.69
and its curve is presented in Figure 4.21. Fixed cost is the distance between the total cost
curve and the variable cost curve for any quantity of production.

Cost (𝐶)

𝑇𝐶 = 𝐹𝐶 + 𝑉𝐶 ، 𝑇𝐶 = 𝑎 + 𝑏𝑄

(4.69)

Total Cost

Variable Cost
Fixed
Cost
Quantity (𝑄)
Figure 4.21 Total cost

4.14.4. Average Total Cost
Average total cost is obtained by dividing total cost by the quantity of output. It shows the
cost of each unit of output (Equation 4.70 and Figure 4.22). The average total cost curve has
a U-shaped form.
𝐴𝑇𝐶 =

𝑇𝐶
𝑄

(4.70)
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If the quantity of total cost substituted into Equation 4.70, we will have Equation 4.71.
This equation indicates that average total cost is equal to sum of average fixed and average
variable costs.
𝑉𝐶 + 𝐹𝐶
𝑉𝐶 𝐹𝐶
=> 𝐴𝑇𝐶 =
+
= 𝐴𝑉𝐶 + 𝐴𝐹𝐶
𝑄
𝑄
𝑄

Cost (𝐶)

(4.71)

Total Cost

Cost (𝐶)

𝐴𝑇𝐶 =

Average
Total
Cost

Quantity (𝑄)

Quantity (𝑄)
Figure 4.22 Average total cost

4.14.5. Marginal Cost
Marginal cost is the cost of the last unit of output. In other word, the marginal cost of
production is the change in total cost that comes from making or producing one additional
item. Its function is shown in Equation 4.72. Marginal cost for any quantity of output is the
total cost of producing that quantity minus the total cost of production at the preceding unit.
𝑀𝐶 = 𝑇𝐶𝑛 − 𝑇𝐶𝑛−1

(4.72)
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In the economic literature, the marginal cost is defined as the ratio of change in total cost
to change in quantity of output (Equation 4.73). The marginal cost is the slope of the variable
cost curve.
𝑀𝐶 =

Δ𝑇𝐶
Δ𝑄

(4.73)

The marginal cost is calculated based on changes in the total cost or variable cost curves
(Equation 4.74).
𝑀𝐶 =

Δ𝑉𝐶
Δ𝑄

(4.74)

According to Equation 4.74, marginal cost is equal to derivative of the total cost function
or variable cost function with respect to the output quantity. This indicates that marginal cost
is a function of output quantity. Geometrically speaking, marginal cost is the slope of the line
that is tangent to any point on the variable cost curve. The relationship between the different
types of costs and their geometrical representations is shown in Figure 4.23. In this regard,
the following points should be noted.
The marginal cost curve intersects the average variable cost curve and the average total
cost curve at their minimum points. That is to say, when the average variable cost curve and
the average total cost curve are at their minimum points, the quantity of the marginal cost is
equal to the average variable cost and the average total cost (Equation 4.75).
𝑀𝐶 = 𝐴𝑉𝐶, 𝑀𝐶 = 𝐴𝑇𝐶

(4.75)

When the average marginal cost curve is below them and vice versa, variable cost and the
average total cost will go down.
The geometric distance between the average variable cost and the average total cost
curves is equal to average fixed cost that decreases as the output increases.
Average fixed cost is equal to the vertical distance between the average variable cost and
average total cost curves.

Cost (𝐶)
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Marginal cost

Average
Total Cost
Average
Variable Cost

Figure 4.23 Average and marginal costs

Quantity
(𝑄)

4.15. Break-Even Point (BEP) Analysis
BEP analysis is a useful managerial tool in decision-making processes and it is considered as
one of the most important tools in analyzing cost-volume-profit (CVP). Changes in cost and
profit due to change in activity level (volume of activity) are examined based on this
approach. Break-even point represents a level of activity that cost or expenses and revenue
are equal. That is to say, the revenue obtained from selling a product is equal to production
costs at this point, hence, any production above this level will generate profit, and if
production falls below this point, the firm will incur losses. Stated differently, the average
revenue is equal to the average cost of production (Equation 4.76).
𝑃 = 𝐴𝑅 = 𝐴𝐶

(4.76)

In this equation:
𝐴𝑅: Average revenue
𝐴𝐶: Average cost
𝑃: Selling price
Many economic decisions are influenced by break-even point analysis. In addition to its
intra-organizational applications, investors also adopt this approach to calculate the required
rate of return on their investments. Employing the break-even point approach will offer the
following major benefits:
 Offering the possibility to determine the economic level of production or decide on
the production of a certain type of product.
 Achieving a certain net profit at different levels of production.
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Examining the impacts of change in fixed and variable costs as well as evaluating
and deciding on the possibility of transforming discretionary fixed costs into
committed fixed costs.
Offering the possibility of pricing the product and examining the effects of changes
in selling price on net profit.
Examining the impacts of changes in management strategies on product
manufacturing.
Analyzing the margin of safety in order to predict the production level for the
coming periods as well as making plans to assess the potential risks ahead.

4.15.1. Calculating the Break-Even Point
As mentioned previously, the break-even point is that level of production volume at which
total revenue is equal to total cost (Equation 4.77 and Figure 4.24).
𝑇𝑅 = 𝑇𝐶

(4.77)

Cost (𝐶)

Profit area

Variable
Cost

Loss area
Break- even
point

Fixed
Cost

Total Revenue

Quantity (𝑄)
Figure 4.24 Break-even point, the volume of activity and profit

Break-even point is that level of production that the fixed costs compensated by the
contribution margin. The level of production and sales after the break-even point will ensure
economic profitability. (Equation 4.78).
𝐵. 𝐸. 𝑃 =

𝐹𝐶
𝐶𝑀

(4.78)
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To carry out the break-even point analysis, the following assumptions should be met:
 Accurate classification of costs into fixed and variable costs.
 Keeping the fixed and variable costs steady at their corresponding domain: Radical
changes in activity levels of firms may invalidate this assumption.
 Keeping the product mix constant: This approach may not be suitable for those firms
that constantly change their product mix.
One of the remarkable aspects of the break-even point analysis is the concept of margin
of safety. The margin of safety defined as the difference between actual sales and the sales at
the break-even point can be expressed in numbers, values or as a percentage. The margin of
safety ratio represents a criterion for determining the difference between the actual sales and
the sales at the break-even point in percentage terms (Equation 4.79).

Margin of safety ratio =

(Actual sales – Break even point sales)
Actual sales

(4.79)

This ratio is employed in order to predict volume of output for the coming periods and is
used as a criterion for risk assessment. As the margin of safety ratio increases, the risk of
incurring losses decreases. Hence, it is safe to say that margin of safety is one the most
important criteria the management can utilize in order to find effective solutions for
overcoming possible losses in the next periods.

4.16. Cost Minimization
When the quantity of output assumed to be constant, cost minimization will be a particular
case of the profit function. When, in the long-run, the input demand and the output level are
variable, the cost function expresses the lowest cost with respect to the price of inputs and
output at a specific level of production and is obtained by solving the optimization problem
based on Equation 4.80.
𝑀𝑖𝑛 𝐶 = 𝑤1 𝑋1 + 𝑤2 𝑋2
𝑆𝑡:
𝑓(𝑋1 , 𝑋2 ) = Ȳ

(4.80)

We analyze this constrained minimization problem using the method of Lagrange
multipliers (Equation 4.81).
𝑙 = 𝑤1 𝑋1 + 𝑤2 𝑋2 + 𝜆(𝑦̅ − 𝑓(𝑋1 , 𝑋2 ))

(4.81)
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In this case, the partial derivative of Lagrange function with respect to 𝑥1 and 𝑥2 is taken
(Equation 4.82).
𝜕𝑙
=0
𝜕𝑋1
𝜕𝑙
=0
𝜕𝑋2

𝜕𝑓
=0
𝜕𝑋1
𝜕𝑓
𝑤2 − 𝜆
=0
𝜕𝑋2

𝑤1 − 𝜆

(4.82)

By dividing the above equations, the necessary condition for cost minimization is
obtained as written in Equation 4.83.
𝜕𝑓
𝜕𝑋1 𝑤1
=
𝜕𝑓
𝑤2
𝜕𝑋2

(4.83)

Equation 4.83 shows that the technical rate of substitution is equal to the economic rate
of substitution. In the previous sections, it was shown that we can state the second-order
conditions in a way involving the Hessian matrix of the Lagrangian. The second-order
conditions for cost minimization are as follows:
−𝜆𝑓11
|−𝜆𝑓21
−𝑓1

−𝜆𝑓12
−𝜆𝑓22
−𝑓2

−𝑓1
−𝑓2 | < 0
0

4.17. Conditional Input Demand Functions
The conditional input demand functions are obtained through cost minimization as shown in
Equation 4.84.
𝑥1 = 𝑥1 (𝑤1 , 𝑤2 , ȳ)
𝑥2 = 𝑥2 (𝑤1 , 𝑤2 , ȳ)

(4.84)

By substituting the conditional input demand function in Equation 4.84, the cost function
is obtained (Equation 4.85).
𝐶 = 𝑤1 𝑥1 (𝑤1 , 𝑤2 , 𝑦̅) + 𝑤2 𝑥2 (𝑤1 , 𝑤2 , 𝑦̅) = 𝐶(𝑤1 , 𝑤2 , 𝑦̅) = 𝐶(𝑤, 𝑦̅)

(4.85)

A cost function determines the optimal relationship between input prices and a certain
level of production and cost. In other word, the cost function measures the minimum cost of
producing a given level of output for some fixed factor prices. As such, it summarizes
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information about the technological choices available to the firms. It turns out that the
behavior of the cost function can tell us a lot about the nature of the firm's technology. A cost
function is a “dual” of the production function. Assuming that the cost function is
differentiable at the price of inputs, the fixed quantity of output and the optimal input quantity
demanded obtained through Shephard’s lemma is as written in Equation 4.86.
𝑥𝑖 =

𝜕𝐶
𝜕𝑤𝑖

(4.86)

The cost function in input prices (at a certain quantity of output) is non-increasing. Since
the cost function is concave in input prices, Equation 4.87 is true at a certain level of output.
𝜕𝑥𝑖
𝜕2𝐶
=
𝜕𝑤𝑖 𝜕𝑤𝑖2

(4.87)

Based on the duality principle, it is assumed that the technology of a firm can be obtained
from of a cost function as shown in Equation 4.88.
𝐶(𝑤, 𝑦) ≡ 𝑚𝑖𝑛𝑋 {𝑤′𝑋 ∶ 𝑓(𝑥) ≥ 𝑦, 𝑋 > 0}

(4.88)

In this equation:
𝑋: An 𝑁 × 1 vector of inputs.
𝑤: An 𝑁 × 1 vector of input prices.
𝑦: Output level properties of the cost function.
The cost functions have certain properties that follow from the structure of the cost
minimization problem.
The cost function is non-decreasing in factor prices
𝑤 ′ ≥ 𝑤 → 𝐶(𝑤 ′ , 𝑦) ≥ 𝐶(𝑤, 𝑦)

(4.89)

The cost function is homogeneous of degree 1 in factor prices.
𝐶(𝜆𝑤, 𝑦) = 𝜆𝐶(𝑤, 𝑦)

(4.90)

The cost function is concave in input prices
𝐶(𝜆𝑤1 + (1 − 𝜆) ≥ 𝜆𝐶(𝑤1 , 𝑦) + (1 − 𝜆)𝐶(𝑤2 , 𝑦)
The cost function is continuous in input prices.

(4.91)
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4.18. Shephard’s Lemma (for Cost Functions)
Shephard’s lemma is one of the mathematical methods used to obtain the conditional input
demand functions from the cost function. On the assumption that 𝑥𝑖 = 𝑥𝑖 (𝑤, 𝑦) is the
conditional demand for the inputs and the cost function 𝐶(𝑤, 𝑦) is differentiable, Equation
4.92 is satisfied.
𝜕(𝑤, 𝑦)
= 𝑥𝑖 (𝑤, 𝑦)
𝜕𝑤𝑖

(4.92)

4.19. Types of Cost Functions
As previously mentioned, the cost function determines the optimal relationship between the
input prices and a certain level of output and costs. The cost function is the dual of the
production function. The cost function is used to determine the optimal level of output, the
conditional input demand functions, the optimal input levels, the marginal product, and the
partial and total productivity of inputs. For this reason, some of the most widely used cost
functions are briefly addressed in the following sections. Note that, in the mathematical
relation of the following cost functions, 𝑥1 and 𝑥2 are the inputs, 𝑦 is the output, and 𝑤1 and
𝑤2 are the input prices.

4.19.1. Cobb-Douglas Technology Cost Function
The Cobb-Douglas technology cost function (𝑦 = 𝐴𝑋1 𝛼 𝑋2 𝛽 ) has a form of:
1

(4.93)

𝐶 = 𝑎𝑦 𝛼+𝛽
Where parameter 𝑎 is obtained through Equation 4.94.
𝛽

1

𝑤1𝛼 𝑤 𝛼+𝛽
𝑎 = (𝛼 + 𝛽) ( 𝛼 2𝛽 )
𝐴𝛼 𝛽

(4.94)
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4.19.2. Leontief Technology Cost Function
The production technology cost function of the Leontief is as follows:
𝑦 = 𝑚𝑖𝑛{𝑎𝑋1 , 𝑏𝑋2 }

(4.95)

In this type of production technology, for producing 𝑦 units of output, 𝑦/𝑎 amount of input
𝑋1 and 𝑦/𝑏 amount of input 𝑋2 is required. The firms do not waste the inputs with positive
prices; therefore, they must operate at a production level such that Equation 4.96 is satisfied.
𝑎𝑋1 = 𝑦 = 𝑏𝑋2

(4.96)

Therefore, the conditional input demand functions are obtained through Equation 4.97.
𝑋1 =

𝑦
𝑎

𝑋2 =

𝑦
𝑏

(4.97)

The Leontief technology cost function is obtained from Equation 4.98 or Equation 4.99.
𝑦
𝑦
𝐶 = 𝑤1 𝑋1 + 𝑤2 𝑋2 = 𝑤1 + 𝑤2
𝑎
𝑏
𝑤1 𝑤2
𝐶 = ( + )𝑦
𝑎
𝑏

(4.98)
(4.99)

4.19.3. Linear Technology Cost Function
The mathematical form of the linear technology cost function for production is calculated
based on Equation 4.100.
𝑦 = 𝑓(𝑋1 , 𝑋2 ) = 𝑎𝑋1 + 𝑏𝑋2

(4.100)

Since for such technology, the two inputs are perfect substitutes for each other, firms use
the cheaper input. Thus, the linear production function has a cost function of the form:
𝐶 = 𝑀𝑖𝑛 (

𝑤1 𝑤2
, )𝑦
𝑎 𝑏

(4.101)
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4.19.4. Cost Function for Constant Elasticity of Substitution
Technology
If we assume that a firm’s production function is as shown in Equation 4.102, then its cost
function will be as shown in Equation 4.103. This equation is akin to Equation 4.87 in which
the value of coefficient “𝑟” is obtained through Equation 4.104.
𝜌

𝜌

1

(4.102)

𝑦 = [𝑋1 + 𝑋2 ]𝜌
1

(4.103)

𝐶 = [𝑤1𝑟 + 𝑤2𝑟 ]𝑟 𝑦
𝜌
𝑟=
𝜌−1

(4.104)

4.19.5. Translog Cost Function
Translog cost function has a wide application in input demand analysis and calculation of
elasticities of substitution. It is a second order flexible functional form that is linear in the
parameters. A generalized example of a Translog cost function takes the form:
𝑛

𝑛

𝑛

1
𝐿𝑛 𝐶(𝑃1 , 𝑃2 , … , 𝑃𝑛 , 𝑌) = 𝑐0 + 𝛼𝑦 𝑌 + ∑ 𝑐𝑖 𝐿𝑛 𝑃𝑖 + ∑ ∑ 𝑔𝑖𝑗 𝐿𝑛 𝑃𝑖 𝐿𝑛 𝑃𝑗
2
𝑖=1

(4.105)

𝑖=1 𝑗=1

Where, 𝑝𝑖 is the price of 𝑖 𝑡ℎ input and 𝑌 represents the output level. The symmetry of 𝑔𝑖𝑗
already imposed and if all the coefficients of the second-order terms are equal to zero, the
above equation will take the form of a Cobb Douglas function. Homogeneity in input prices,
as an inherent property of the cost functions, requires that Equation 4.106 will always be
satisfied.
𝑛

𝑛

∑ 𝑐𝑖 = 1 , ∑ 𝑔𝑖𝑗 = 0 𝑗 = 1,2, … , 𝑛
𝑖=1

(4.106)

𝑖=1

By using of Sheppard’s lemma (𝑥𝑖 = 𝜕𝐶/𝜕𝑃𝑗 ) and taking the logarithmic derivative of
the cost function, the cost share of input 𝑖 is obtained as shown in Equation 4.107.
𝑛

𝑆𝑖 =

𝑋𝑖 𝑃𝑖 𝜕𝐿𝑛 𝐶
=
= 𝑐𝑖 + ∑ 𝑔𝑖𝑗 𝐿𝑛 𝑃𝑗
𝐶
𝜕𝐿𝑛 𝑃𝑖
𝑗=1

(4.107)
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Generally, price elasticities (𝜂) and Allen-Uzawa elasticities of substitution (AES) is used
to analyze the elasticities of substitution between inputs. Note that these two elasticities
always have the same sign, because Allen-Uzawa elasticities of substitution, are as shown in
Equation 4.108, obtained by dividing price elasticities by the cost share of the second input
and the cost share is always positive.
𝐴𝐸𝑆𝑖𝑗 =

1
𝜂
𝑆𝑖 𝑥𝑖 ,𝑝𝑗

𝑖≠𝑗

(4.108)

𝐴𝐸𝑆𝑖𝑗 =

𝑔𝑖𝑗
+1
𝑆𝑖 𝑆𝑗

𝑖≠𝑗

(4.109)

Also,

Price elasticities of input demand of Translog function for input 𝑖 with respect to price
changes of the 𝑗𝑡ℎ input is obtained from Equation 4.110.
𝜂𝑥𝑖,𝑝𝑗 =

𝑔𝑖𝑗
+ 𝑆𝑗
𝑆𝑖

𝑖≠𝑗

(4.110)

In particular, the cost shares of inputs 𝑖 and 𝑗 (𝑆𝑖 and 𝑆𝑗 ) affect the cross-price elasticity.
A careful examination of this elasticity reveals that if the cost share of input 𝑖 (𝑆𝑖 ) with respect
to 𝑔𝑖𝑗 is a large number, 𝜂𝑖,𝑗 will get closer to the cost share of input 𝑗 (𝑆𝑗 ). If the Translog
cost function takes the form of a Cobb Douglas function, then 𝜂𝑖,𝑗 will be exactly equal to
the cost share of the 𝑗𝑡ℎ input. Furthermore, when 𝑆𝑖 is huge then 𝜂𝑖,𝑗 and 𝑆𝑗 will be closed.
The economic interpretation of this point is that, as the cost share of input 𝑖 increases; it
becomes harder to replace it for input 𝑗 whose price is rising.
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Chapter 5
5. Estimation of Urban Water Cost Function
(Case Study: Markazi Province Water and Wastewater Company)
This chapter aims to present an appropriate model for estimating the cost
function of urban water in Iran. After considering the specific conditions
governing the water and wastewater services and taking results of numerous
relevant studies into account, the translog cost function was selected. Cost
function estimation is used to obtain elasticities of substitution, determine
input demand functions, reach an optimal combination of inputs, identify
economic efficiencies and estimate marginal cost and setting optimal water
pricing.
This chapter draws on the latest findings in resource economics and
public finance literature with respect to cost structure and estimation of water
supply cost function. The water utility has been chosen as a multi-product
firm providing water to residential and non-residential consumers. It is also
accompanied by examples of practical applications of the findings in 18 cities
under the supervision of Markazi Province Water and Wastewater Company
from 2006 to 2011. The data used in this study is panel data and an
econometric estimation of the cost function was employed by means of a
seemingly unrelated regression equations (SURE) model.
Results obtained from the sample cost function estimation conducted in
Markazi Province will be particularly useful in implementing the firm
management policies water and wastewater services.

136 | Urban Water Economics

5.1. Cost Function Estimation
The ultimate goal of cost function estimation is to determine the input demand and
calculate elasticities of substitution (Figure 5.1). The elasticities of substitution determine
how a firm’s demand for inputs and the optimal combination of inputs will change in
response to changes in price. From an economic point of view, price elasticities of
substitution express the constraints.
A production function describes the production methods. This function represents a
production possibility set by considering the technical constraints. A production function
shows the highest level of output obtained from a certain quantity of inputs. According to the
duality principle, the cost function is estimated instead of estimating the production function.
Determining the demand
functions for factors of
production

Calculating the
elasticities of
substitution

Labor
Partial

Capital
Cost function
estimation

Total

Energy

Residential
Non-residential

Determining the optimal
utilization of the factors
of production

Estimating the
marginal cost of
water production

Residential
Non-residential
Identitiying the
economics of scale

Figure 5.1 Ishikawa diagram (fishbone diagram) of the application of cost function estimation

5.2. Urban Water Cost Function Estimation: Necessity and
Significance
For centuries, the supply and distribution of drinking water have been considered one of the
main responsibilities of governments. To date, the authorities have viewed demand for water
as a realm beyond their control and have followed a basic principle that led them to supply a
certain amount of water for consumers. In recent years, however, most countries have faced
numerous issues, including excessive water use, water quality degradation, and inadequate
water services offered to many consumers especially the ones with low income.
Consequently, there have been many efforts to incorporate consumer preferences and supply
limitations into the water resource management plans.
In order to achieve an appropriate model for water supply and consumption, the structure
of consumer preferences and supply costs– should be identified so that the information
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required to determine the most effective method of water pricing can be obtained. It is also
imperative that the welfare effects of these reforms be examined. Knowing the cost structures
of water supply is necessary in that water resources are under increasing pressure in low
income countries. Thus, careful management of water resources is of vital importance.

5.3. Literature Review
A selection of the econometric findings on the factors affecting the marginal cost of water
supply that useful for water pricing presented in Table 5.1. Moreover, some of the most
important studies on the application of cost function estimation carried out outside Iran will
be presented in detail in the following sections. All these studies are conducted in highincome countries; however, there is no reason to think that their results are not applicable to
lower-income countries.
Table 5.1 Findings of some studies designed to identify the factors affecting the marginal cost
Researchers

Year of research

Boisvert & Schmidt
Renzetti

1997
1992

Teeples & Glyer

1987

Renzetti
Russel and Shin

1992
1996

Munasinghe

1992

Results
Marginal cost increases as the length of the water
distribution network increases. This might be due to the
difficulty of maintaining a constant pressure and a fixed
disinfectant (chlorine) level over longer distances.
Marginal cost increases significantly in peak demand
periods.
Marginal cost in peak demand periods (summer
months) is twice as high as in regular periods. This is
mainly due to the increase in pumping costs, which is the
result of increased electricity usage during periods where
electricity prices are maximum.

5.3.1. Economies of Scale in Multi- Product Firms: An Empirical
Analysis (H. Youn Kim-1987)
In this study, a translog multi-product cost function is estimated to analyze the overall and
the product-specific economies of scale. The economies of scale are very important in the
production process for business decision-makings and policy analyses. This is also true for
public utility (water, electricity, gas, telephone, etc.) as well as other industries under
government supervision. If economies of scale exist and, at the same time, demand increases,
firms can reach profitability in the near future by expanding their expected capacity.
This study is aimed at presenting new pieces of evidence on the presence of economies
of scale in multi-product firms operating in the field of water utility. Accordingly, water
utility is regarded as a multi-product firm supplying different type of services to a wide range
of consumer groups in various regions.
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An empirical model is presented, and the residential and non-residential utilized as two
classes of customers. In order to take the distance-induced changes in demand into account,
the distance of services was explicitly included in the study. Since water utility services are
very capital intensive, the approximately small differences in capital utilization rates can lead
to significant differences in input utilization and other production characteristics. Thus, the
capital utilization rate is integrated into the model. This multi-product cost function for water
demand is a translog function and is as shown in Equation 5.1.
𝐾,𝐸
𝐿𝑛 𝐶(𝑌, 𝑊, 𝑍) = 𝑎0 + ∑𝑁
𝑖=𝑅 𝑎𝑖 𝐿𝑛 𝑌𝑖 + ∑𝑗=𝐿 𝑏𝑗 𝐿𝑛 𝑊𝑗 +
1

𝑁
𝑁
∑𝑀
𝑘=𝑈 𝐶𝑘 𝐿𝑛 𝑍𝑘 + ∑𝑖=𝑅 ∑𝑝=𝑅 𝑎𝑖𝑝 𝐿𝑛 𝑌𝑖 𝐿𝑛 𝑌𝑝 +
2

1
2
1
2

1

𝐾,𝐸
𝑁
𝑀
∑𝐾,𝐸
𝑖=𝐿 ∑𝑞=𝐿 𝑏𝑗𝑞 𝐿𝑛 𝑊𝑗 𝐿𝑛 𝑊𝑞 + ∑𝑘=𝑢 ∑𝑟=𝑢 𝐶𝑘𝑟 𝐿𝑛 𝑍𝑘 𝐿𝑛 𝑍𝑟 +
𝐾,𝐸
∑𝑁
𝑗=𝑅 ∑𝑗=𝐿 𝑑𝑖𝑗 𝐿𝑛 𝑌𝑗 𝐿𝑛 𝑊𝑗 +

𝑀
∑𝐾,𝐸
𝑗=𝐿 ∑𝑘=𝑢 𝑓𝑗𝑘 𝐿𝑛

2
𝑀
∑𝑁
𝑖=𝑅 ∑𝑘=𝑢 𝑒𝑖𝑘 𝐿𝑛 𝑌𝑖

(5.1)

𝐿𝑛 𝑍𝑘 +

𝑊𝑗 𝐿𝑛 𝑍𝑘

In this equation:
𝐶: Total cost of water treatment and distribution.
𝑖 and 𝑝: Subscripts of the water output supplied to residential consumers (𝑦𝑟 ).
and non-residential consumers (𝑦𝑛 ).
𝑗 and 𝑞: Subscripts of input prices of labor (𝑊𝑙 ), capital (𝑊𝑘 ) and energy (𝑊𝑒 ).
𝑘: Index of capital utilization (𝑍𝑢 ).
𝑟: Index of service distance (the length of the distribution network) (𝑍𝑚 ).
𝑍𝑚 and 𝑍𝑢 : Components describe a set of operating variables.
Apart from the above-mentioned variables, the following points are considered in the model:
 The quantity of water delivered to different consumers is dissimilar.
 The main inputs are labor, capital, and energy, on the assumption that other inputs
such as disinfectants (chlorine, calcium hypochlorite, bleach, etc.) are weakly
separable.
 The properties of homothetic 1 functions do not hold among outputs, inputs and
operating variables such as 𝑍𝑚 and 𝑍𝑢 .
 Using Shephard’s lemma and the input demand equation ( 𝑥𝑖 ), the cost share
equation for input 𝑗 is obtained through Equations 5.2 or 5.3, so that the sum of Si
was always equal to one.

1

Homothetic functions are functions whose marginal rate of substitution is a function of 𝑥2 /𝑥1 ratio, that is to say
𝑀𝑅𝑆 (𝑥2 , 𝑥1 ) = 𝑓(𝑥2 /𝑥1 ).
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𝑆𝑗 = (𝑌, 𝑊, 𝑍) = 𝑏𝑗 + ∑ 𝑏𝑖𝑞 𝐿𝑛 𝑤𝑞 + ∑ 𝑑𝑖𝑗 𝑌𝑖 + ∑ 𝑓𝑗𝑘 𝐿𝑛 𝑍𝑘
𝑞

𝑆𝑗 =

𝑖

(5.2)

𝑘

𝑤𝑗 𝑥𝑗
𝜕𝐿𝑛 𝐶
=
𝐶
𝜕𝐿𝑛 𝑊𝑗

(5.3)

After estimating the cost function by using cross-sectional data collected from 60 US
water utilities in 1973, the following results are obtained:
 The US water industry exhibits constant returns to scale.
 There are strong economies of scale in the non-residential water supply.
 Residential water supply experiences diseconomies of scale.
 Variable costs resulting from capacity utilization and service distance have a
significant role in determining the marginal cost of both residential and nonresidential water supply.

5.3.2. Cost of Water Delivery Systems: Specification and
Ownership Effects (Ronald Teeples & David Glyer, 1987)
Teeples & Glyer (1987) sought to identify and compare the cost determining factors in water
delivery systems with public and private ownerships.
This study investigated the relationship between efficiency and firm ownership. Each of
these equations can reveal certain properties of a generalized cost model. Accordingly, the
dual cost function model was introduced as a second-order translog cost function. By
estimating each model based on the same set of data within the same dual cost function
framework, one can easily determine how changes in specification can affect ownership
variables. The translog and the dual cost functions employed in this study are as shown in
Equation 5.4.
𝐿𝑛 𝐶 = 𝐴0 + ∑𝑖 𝐴𝑖 𝐿𝑛 𝑃𝑖 + ∑𝑗 𝐵𝑗 . 𝐿𝑛 𝑍𝑗 + 𝐷𝑞 . 𝐿𝑛 𝑄 +
1
2

1

∑𝑖 ∑𝑚 𝐴𝑖𝑚 . 𝐿𝑛 𝑃𝑖 . 𝐿𝑛 𝑃𝑚 + ∑𝑗 ∑𝑘 𝐵𝑗𝑘 . 𝐿𝑛 𝑍𝑗 . 𝐿𝑛 𝑍𝐾 +
2

∑𝑖 ∑𝑗 𝐸𝑖𝑗 . 𝐿𝑛 𝑃𝑖 . 𝐿𝑛 𝑍𝑗 + ∑𝑖 𝐹𝑖𝑞 . 𝐿𝑛 𝑃𝑗 . 𝐿𝑛 𝑄 +

(5.4)

1

∑𝑖 𝐺𝑖𝑞 . 𝐿𝑛 𝑍𝑖 . 𝐿𝑛 𝑄 + 𝐷𝑞𝑞 . (𝐿𝑛 𝑄)2 + 𝑣
2

In this equation, 𝑣 is the disturbance term and the terms 𝐴, 𝐵, 𝐷, 𝐸, 𝐹, and 𝐺 are the
coefficients. The share equations (factor demand equations) obtained through Equation 5.5
where 𝑖 is the disturbance term.
𝑆𝑖 = 𝐴𝑖 + ∑ 𝐴𝑚 𝐿𝑛 𝑃𝑚 + ∑ 𝐸𝑖𝑗 𝐿𝑛 𝑍𝑗 + 𝐹𝑖𝑞 . 𝐿𝑛 𝑄 + 𝑖
𝑚

𝑖

(5.5)
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The data collected from 119 water delivery systems in Southern California are used to
estimate three water delivery models and examine the effects of their specifications on the
relative efficiency of each type of ownership. The results indicated that if, in the dual cost
function model, the restrictions of the production function and the problems of omitted
variables overcome, the effect of ownership on costs will decrease. In other words,
considering the statistical population of the study, if the specification of the dual cost function
is of a more general nature, the overall efficiency differences within different types of
ownership will systematically and significantly decrease.

5.3.3. Municipal Water Supply and Sewage Treatment: Costs,
Prices, and Distortions (Steven Renzetti, 1999)
In this study, the municipal water supply and sewage treatment in Ontario, Canada during
1991 has been investigated in order to estimate the supply costs and assess the pricing
practices (𝑛 = 77).
To examine the welfare effects of water pricing, a cost and demand model was employed
and the cost estimations of water supply and sewage treatment were carried out separately.
In the estimation of water and sewage cost functions, it is assumed that the municipal water
utilities aim at minimizing the supply cost of an output whose quantity is exogenously
determined. The cost functions, with respect to the input utilization and operation type (water
supply or sewage treatment), are selected by taking the input prices, production technologies
and characteristics of the operating environment into account (Equations 5.6 and 5.7).
𝐶𝑤 = 𝐶𝑤 (𝑃1 , … , 𝑃𝑁 , 𝑄𝑅 , 𝑄𝑁𝑅 , 𝐷)
𝐶𝑆 = 𝐶𝑆 (𝑃1 , … , 𝑃𝑁 , 𝑄𝑆 , 𝐷, 𝑍1 , … , 𝑍𝐹 )

(5.6)
(5.7)

In Equation 5.6, subscript 𝑤 indicates water supply. In Equation 5.7, subscript 𝑠 stands for
sewage treatment. Moreover, in both equations, the following assumptions are made:
 Water supply and sewage treatment costs are the sum of annual costs of labor,
energy, and capital.
 Price vector in both water and sewage cost functions consists of the same three
elements, i.e., price of labor (𝑃𝑙 ), price of energy (𝑃𝑒 ), and price of capital (𝑃𝑘 ).
 Water supply includes both residential (𝑄𝑅 ) and non-residential (𝑄𝑁𝑅 ) outputs.
 𝑄𝑠 is the output of sewage treatment representing the total annual flow through.
 In the estimation of the water treatment cost function, 𝑍 is a vector consisting of a
set of dummy variables and indicates the type of water treatment process.
 Variable 𝐷 shows the population density of the region in question.
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In this study, in order to estimate the cost functions of water supply and wastewater
treatment, the structure of each cost function is approximated by a translog functional form.
The cost functions are included 𝑁 − 1 of share equations for each input and estimated by
using an iterative seemingly unrelated regression estimation (SURE) technique and imposing
the conditions of linear homogeneity in prices and symmetry.
By estimating the cost functions of water supply and sewage treatment, the marginal costs
of water supply and sewage treatment for residential and non-residential consumers are
obtained. Next, the estimated marginal costs are compared with the prices of water supply
and sewage collection and treatment as well as the gap between the expected usage levels
that will appear if the marginal cost pricing is observed. For example, it is found that the
prices paid by the residential and commercial consumers were respectively one-third and
one-sixth of the marginal costs of water supply and sewage treatment.

5.3.4. Estimating the Benefits of Efficient Water Pricing in
France (Serge Garcia & Arnaud Reynaud, 2004)
This study is aimed at evaluating the pricing of water utilities in Bordeaux, France by using
an econometric model approach and estimating the cost function. Through this approach, the
basis of the applied technological parameters, the estimated demand, the marginal cost
pricing (first-best pricing) and the social surplus changes are simulated. This study sought to
answer the following three questions:
 Is the current water pricing model efficient?
 If not, what are the characteristics of an efficient water pricing practice?
 To what extent will the replacement of the current pricing practices with the
optimum pricing improve their efficiency?
To this end, the water cost and demand functions are estimated using panel data. These
functions employed to evaluate the water pricing practices and calculate the welfare gains
resulting from the water pricing reform. These simulations (the distinction between the fixed
charges and marginal price) showed the sensitivity of water pricing changes to different
economic factors (consumers, water utilities, and the government). The following variables
integrated into the model:
𝑄: Volume of water sold to the final user.
𝑅: Ratio of the water sold to the final user to the volume of water
pumped into the distribution network (rate of return) 2
Production process inputs: Labor (𝐿), electricity (𝑀), material (𝑀),
and capital (𝐾).

2

In France, on average, 25% of water is wasted; this number should be considered in the estimation of the cost function.
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The specific characteristics of each region, such as the number of consumers or the service
size, which are measured by the network length (as a proxy for the water utility capital), were
taken into account. It was also assumed that the water utilities minimize their operating costs
(𝑊𝐿 . 𝐿 + 𝑊𝐸 . 𝐸 + 𝑊𝑀 . 𝑀); Therefore, the water utility’s short-run variable cost function was
as shown in Equation 5.8.
𝑉𝐶 = 𝑉𝐶 (𝑊, 𝑄: 𝑟, 𝑛, 𝐿𝑒𝑛𝑔)

(5.8)

In this equation:
𝑉𝐶: (minimum) Variable costs.
𝑊: Cost vector of variable inputs 𝑊 = (𝑤𝐿 , 𝑤𝐸 , 𝑤𝑀 ).
In this study, the approximation of translog cost function employed is as shown in
Equation 5.9.
𝑉𝐶

𝑤𝑗

𝑤𝐿

𝑤

𝑤𝐿
𝑤𝑗′

1

𝑤𝐿

𝑤𝐿

2

𝐿𝑛 ( ) = 𝛼 + ∑𝑗 𝛼𝑗 𝐿𝑛 ( ) + 𝛼𝑄 𝐿𝑛 𝑄 + 𝛼𝑟 𝐿𝑛 𝑟 + ∑𝑘 𝛼𝑘 𝐿𝑛 𝐴𝑘 +
1
2
1
2

∑𝑗 ∑𝑗′ 𝛼𝑗𝑗′ 𝐿𝑛 ( 𝑗 ) 𝐿𝑛 (

) + 𝛼𝑄𝑄 (𝐿𝑛 𝑄)2 +
𝑤

(5.9)

∑𝑘 ∑𝑘′ 𝛼𝑙𝑚 𝐿𝑛 𝐴𝑘 𝐿𝑛 𝐴𝑘′ + ∑𝑗 ∑𝑘 𝛼𝑗𝑘 𝐿𝑛 ( 𝑗 ) 𝐿𝑛 𝐴𝑘 +
𝑤𝐿

∑𝑙 𝛼𝑎𝑘 𝐿𝑛 𝑄 𝐿𝑛 𝐴𝑘
𝑘, 𝑘′ = 1, 2
𝑗, 𝑗′ = 𝐸, 𝑀
𝐴 1 = 𝐿𝑒𝑛𝑔, 𝐴2 = 𝑛
Using Shephard’s lemma and representing cost share of input 𝑗 by 𝑆𝑗 , the following
conclusions were drawn:
 There is a significant difference between current prices and marginal costs.
 The optimum pricing policy consisting of first, the higher marginal prices, and
second, the lower fixed charges, does not bring about any important direct welfare
effects

5.3.5. Summarizing the Results
As can be seen from the foregoing, part of the water supply literature has been devoted to the
determination of water supply properties and estimation of economies of scale. In most of
these studies, it has been concluded that the water utilities enjoy economies of scale over a
relatively wide range of water production. For example, Kim (1987) used the cross-sectional
data collected from 60 US water utilities to estimate the translog cost function and found that
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these utilities are subject to widespread economies of scale, however, as the size of utilities
increases, the economies of scale decline.
Furthermore, the studies conducted by OECD (1987) are also noteworthy, because they
undertook some more advanced research all of which concluded that the residential water
demand exhibits relatively small price and income elasticities.
Few studies have been devoted to the examination of the commercial and industrial water
demand. Turnovsky (1969) estimated the single-equation demand models using the data
collected from various industries or municipalities. The consequent studies extended these
models by estimating the translog cost function and using samples drawn from US
manufacturing industry. In these studies, the estimated price elasticity of water fell within the
range of zero to - 0.801. Renzetti (1992) estimated the industrial water demand based on four
components, namely, intake, treatment prior to use, internal recirculation, and discharge. The
set of data used in this study have been collected from observations on the water use and the
costs of manufacturing firms in Canada. Price elasticities of intake water in different
industries of Canada are calculated ranging from -0.15 to -0.59.
In a very limited number of studies, the sewage treatment demand was also investigated.
For example, Strudler and Strand (1981) examined the relationship between the price of
sewage treatment and the residential demand for sewage treatment and estimated the average
price elasticity to be -7%. Crew and Kleindorfer (1986) and Swallow and Marin (1988)
studied the welfare gains of water pricing reforms based on hypothetical case studies.
Renzetti (1992) calculated the welfare gains resulting from the water pricing reform in
Vancouver, Canada and estimated the potential improvements in total surplus at
approximately 4%.

5.4. Specification of the Cost function (Case Study: Markazi
Province Water and Wastewater Company)
In this section, after explaining the pattern of selecting an appropriate model for estimating
the cost function of water and wastewater companies, and identifying the required variables
for the analysis and specification of the selected model, the cities served by Markazi Province
Water and Wastewater Company were chosen as the case study.

5.4.1. Model Determination
Estimation of a flexible cost function compatible with the cost structure of Markazi Province
Water and Wastewater Company were separately examined for both residential and nonresidential sectors. The cost functions for residential and non-residential sectors were
estimated differently because water was considered a final good in the residential sector while
it was viewed as an intermediate good in the non-residential sector.
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The optimal long-run cost function takes a translog functional form, which, in economic
literature, known as optimal cost function and is as shown in Equation 5.10.
1

𝐾,𝐸
𝐿𝑛 𝐶𝑡∗ = 𝑎0 + 𝑎𝑡𝑡 𝑡 2 + ∑𝑁
𝑖=𝑅 𝑎𝑖 𝐿𝑛 𝑦𝑖 + ∑𝑖=𝐿 𝑏𝑖 𝐿𝑛 𝑝𝑖𝑡 + 𝑐𝑧 𝐿𝑛 𝑍 +
2

1
2

1

1

𝐾,𝐸
𝐾,𝐸 𝐾,𝐸
∑𝐾,𝐸
𝑖=𝐿 ∑𝑗=𝐿 𝑎𝑖𝑗 𝐿𝑛 𝑦𝑖 𝐿𝑛 𝑦𝑗 + ∑𝑖=𝐿 ∑𝑗=𝐿 𝑏𝑖𝑗 𝐿𝑛 𝑝𝑖𝑡 𝐿𝑛 𝑝𝑗𝑡 + 𝑐𝑧𝑧 𝐿𝑛 𝑍. 𝐿𝑛 𝑍 +

𝐾,𝐸
∑𝐾,𝐸
𝑖=𝐿 ∑𝑖=𝐿 𝑑𝑖𝑗 𝐿𝑛 𝑝𝑖 𝐿𝑛 𝑦𝑗 +

2
∑𝑁
𝑖=𝑅 𝑒𝑧𝑖 𝐿𝑛

2

(5.10)

𝑍 𝐿𝑛 𝑦𝑖 +

𝐾,𝐸
𝑁
∑𝐾,𝐸
𝑖=𝐿 𝑓𝑖𝑧 𝐿𝑛 𝑃𝑖 𝐿𝑛 𝑍 + ∑𝑖=𝑅 𝑎𝑖𝑡 . 𝑡. 𝐿𝑛 𝑦𝑖 + ∑𝑖=𝐿 𝑏𝑖𝑡 . 𝑡. 𝐿𝑛 𝑃𝑖 + 𝑐𝑧𝑡 𝑡. 𝐿𝑛 𝑍

According to this equation, the symmetry conditions are imposed as follows:
𝑎𝑖𝑗 = 𝑎𝑗𝑖

𝑖 ,𝑗 = 𝑅 ,𝑁

𝑏𝑖𝑗 = 𝑏𝑗𝑖

𝑖 ,𝑗 = 𝑙 ,𝑘 ,𝐸

In this equation:
Factors 𝐿, 𝐾, and 𝐸 are respectively labor, capital, and energy (electricity for
equipment and facilities).
Indices 𝑅 and 𝑁 represent the residential and non-residential water supplies.
To ensure that 𝐶 ∗ will be Homogeneous of degree 1 in price the following condition will
be imposed.
𝐾.𝐸

𝐾.𝐸

∑ 𝑏𝑖 = 1

∑ 𝑏𝑖𝑗 = 0 𝑖 = 𝐿, 𝑘, 𝐸

𝑖=𝐿

𝑖=𝐿

𝐾.𝐸

𝐾.𝐸

∑ 𝑑𝑖𝑗 = 0 𝑖 = 𝑅, 𝑁

∑ 𝑒𝑖𝑧 = 1

𝑖=𝐿

𝑖=𝐿

𝐾.𝐸

∑ 𝑑𝑖𝑡 = 1
𝑖=𝐿

The condition for constant returns to scale was not imposed on the cost function because
it was unacceptable in the water and wastewater utilities. The relevant studies unanimously
proved that the water and wastewater services are subject to increasing returns to scale. By
using Shephard's lemma, the optimal input demand functions derived from the optimal cost
functions are as shown in Equation 5.10.3 These demand functions, at the given production
level, indicated a certain amount of input which maximized the firm’s profit. Thus, by

3

An asterisk (*) in front of a variable indicates the optimal value of the variable.
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differentiating 𝐿𝑛 𝐶 × 𝑡 with respect to lnpit, the input share equations were obtained as
shown in Equation 5.11.
𝐾,𝐸

𝑁

𝑆𝑖𝑡∗ = 𝑏𝑖𝑡 + ∑ 𝑏𝑖𝑗 𝐿𝑛 𝑃𝑗𝑡 + ∑ 𝑑𝑖𝑗 𝐿𝑛 𝑦𝑗 + 𝑓𝑖𝑧 𝐿𝑛 𝑍 + 𝑏𝑖𝑡 𝑡
𝑗=𝐿

(5.11)

𝑗=𝑅

𝑖 = 𝐿, 𝐾, 𝐸
If the cost function does not have any factor-biased technological progress, it should also
satisfy the conditions 𝑏𝑖𝑡 = 0 for 𝑖 = 𝐿, 𝐾 and 𝐸. If the assumption of homothetic production
technology is examined, then there will be no bias in the technological progress and the
linear constraints 𝑎𝑖𝑡 = 0, and 𝐶𝑧𝑡 = 0 should be tested for 𝑖 = 𝑅, 𝑁.

5.5. Variables Used in Cost Function Estimation
The data used in this study is panel data and consisting of 18 cities 4 served by Markazi
Province Water and Wastewater Company from 2006 to 2011. The variables used in this
study are presented in Table 5.2 and their corresponding information (except for capital
expenditure5) have been extracted from the financial accounting system of Markazi Province
Water and Wastewater Company headquarters.
Table 5.2 Variables used for the cost function estimation

4

5

Title

Unit of
measurement

Title

Unit of
measurement

Residential water use volume

cubic meter

Capital expenditure

million irr

Non-residential water use
volume

cubic meter

Capital price index

Labor size

person

Purchased water volume

cubic meter

Total labor costs

million irr

Purchased water cost

million irr

Amount of electricity
consumed

kilowatt hour

Electricity consumption
expenses

million irr

Material procurement costs

million irr

Total pipeline length

kilometer

Distribution lines length
Number of residential
subscribers

kilometer
thousandpersons

Number of non-residential
subscribers

thousandpersons

The cities under the supervision of Markazi Province Water and Wastewater Company include Astaneh, Ashtian,
Arak, Tafresh, Khomeyn, Delijan, Zaviyeh, Saveh, Shazand, Gharqabad, Farmahin, Komijan, Mamuniyeh,
Mahallat, Naraq, Nowbaran, Nimvar, and Parandak.
The capital expenditures, due to the principles and the assumptions governing the accounting are not recorded or
categorized; therefore, they are obtained through the authors’ calculations.
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The variables used in the econometric model, which contribute to the most accurate
statistical estimations, are as follows:
1. Total Cost
The total cost includes the expenses paid for labor, energy and capital. The capital
expenditure treated as economic costs and it is not recorded and classified in the financial
statements, therefore, the capital expenditures were calculated by estimating the costs of each
city in different time frames, including the level of investments in the previous years and
taking the inflation rate into account.
2. Residential Water Use Volume (𝑌𝑅 )
3. Non-Residential Water Use Volume (𝑌𝑁𝑅 )
4. Price of Labor (𝑃𝐿 )
Price of labor for each city and each year obtained by dividing the total cost paid to the
labor by the labor size.
5. Price of Capital (𝑃𝐾 )
Capital price (capital price index) calculated by using Equation 5.12.
𝑃𝐾𝑡 = 𝑆𝐾𝑀𝑡 × 𝑃𝐾𝑀𝑡 + 𝑆𝐾𝐶𝑡 × 𝑃𝐾𝐶𝑡

(5.12)

In this equation:
𝑆𝐾𝑀𝑡 : Share of the facilities, tools, and equipment in the total fixed capital formation in
year 𝑡.
𝑃𝐾𝑀𝑡 : Capital price index in facilities, tools, and equipment in year 𝑡.
𝑆𝐾𝐶𝑡 : Share of the building section from the total fixed capital formation in year 𝑡.
𝑃𝐾𝐶𝑡 : Capital price index in building section in year 𝑡.
Capital price index in the facilities, tools, and equipment section as well as the building
section are computed based on Romer’s method (Equation 5.13).
𝑃𝐾𝑖𝑡 = 𝑟𝑡 × 𝐾𝐷𝑖 𝑡−1 + 𝑑 × 𝐾𝐷𝑖𝑡 – (𝐾𝐷𝑖𝑡 − 𝐾𝐷𝑖 𝑡−1 )

(5.13)

In this equation:
𝑃𝐾𝑖𝑡 : Capital price index in section 𝑖 and year 𝑡.
𝑟𝑡 : Interest rate in year 𝑡.
𝑑: Depreciation rate of facilities, tools, and equipment.
𝐾𝐷𝑖,𝑡 : Implicit index of capital in section 𝑖 and year 𝑡 obtained by dividing the fixed
capital formation in section 𝑖 in year 𝑡 with respect to base year prices by the fixed capital
formation in section 𝑖 and in year 𝑡 with respect to current prices.
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In this study, the interest rate in the housing sector is employed as an approximation for
the overall interest rate. In addition, the gross fixed capital formation in facilities, tools, and
equipment as well as buildings are extracted from the statistics of Central Bank of Iran.
6. Price of Electricity Consumption (𝐿𝑃𝐸)
The price of electricity consumption is equal to the division of the total electricity charges
by the amount of electricity consumed by the equipment and facilities employed for water
production and wastewater disposal.
7. Total length of the Pipelines which are Used in the Water Delivery and Distribution
Network (𝐿𝑍)

5.6. Empirical Results
This section reports the results estimating the model discussed in (5.10) equation. The
simultaneous estimation of the cost function and cost share equations as a system of equations
conducted using the SURE method and the Eviews software. In this method, in order to
increase the efficiency, the covariance between the errors terms of the various equations are
taken into account through an iterative process using the generalized least squares (GLS)
estimators. The estimated quantities of the parameters are shown in Table 5.3. In this table,
most of the estimated coefficients are statistically significant, and only a few statistically
insignificant dummy variables associated with some cities have been excluded from the
model. It must be noted that some constraints imposed on model estimation and other
variables, calculated by the equations associated with these constraints, were not reported in
this table.
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Table 5.3 Parameters estimates for the Translog cost function in Markazi Province Water and
Wastewater Company
Parameters

Parameters Codes

a0
at
att
ar
an
bl
bk
cz
arr
arn
ann
bll
bk
bee
czz
dlr
dkr
dln
dkn
ezr
ezn
fzn
fkz
AR(1)
d1
d2
d3
d4
d5
d6
d7
d8
d9
d10
d11
D12
D13
D14
D15
D16
D17
AR(1)
D1
D2
D3

C(1)
C(2)
C(3)
C(4)
C(5)
C(6)
C(7)
C(8)
C(9)
C(10)
C(11)
C(12)
C(13)
C(14)
C(15)
C(16)
C(17)
C(18)
C(19)
C(20)
C(21)
C(22)
C(23)
C(58)
C(24)
C(25)
C(26)
C(27)
C(28)
C(29)
C(30)
C(31)
C(32)
C(33)
C(34)
C(35)
C(36)
C(37)
C(38)
C(39)
C(40)
C(59)
C(41)
C(42)
C(43)

Estimation of Parameters Standard Error t-statistic
23.422
0.042
- 0.013
- 1.033
- 0.903
- 0.200
1.445
1.906
0.059
0.153
- 0.089
0.007
0.022
0.017
0.449
- 0.029
0.029
0.014
- 0.017
- 0.265
- 0.085
0.144
- 0.233
0.851
0.119
- 0.012
- 0.472
- 0.005
- 0.245
- 0.143
0.104
- 0.290
- 0.068
0.021
0.063
- 0.013
- 0.143
- 0.141
0.049
0.142
- 0.004
0.366
- 0.162
0.031
0.754

11.624
0.020
0.006
0.300
0.393
0.056
0.345
0.338
0.006
0.013
0.023
0.003
0.002
0.002
0.074
0.009
0.004
0.001
0.008
0.140
0.044
0,044
0.044
0.047
0.034
0.004
0.131
0.002
0.064
0.045
0.029
0.093
0.036
0.006
0.030
0.003
0.048
0.050
0.021
0.038
0.002
0.139
0.033
0.015
0.133

2.015
2.082
- 2.245
- 3.449
- 2.301
- 3.560
4.188
5.640
10.264
11.807
- 3.388
2.347
11.292
7.450
6.093
- 3.383
6.388
13.848
- 2.200
- 1.897
- 1.912
3.257
- 5.060
17.916
3.498
- 3.416
- 3.591
- 2.183
- 3.800
- 3.164
3.571
-3.111
-1.855
3.767
2.110
-4.502
-2.983
-3.838
-2.293
3.696
-1.596
2.630
-4.878
2.086
5.671
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Table 5.3 Parameters estimates for the Translog cost function in Markazi Province Water and
Wastewater Company (Continued)
Parameters Parameters Codes Estimation of Parameters Standard Error t-statistic
D6
D4
D5
D7
D8
D9
D10
D11
D12
D13
D14
D15
D16
D17

C(46)
C(44)
C(45)
C(47)
C(48)
C(49)
C(50)
C(51)
C(52)
C(53)
C(54)
C(55)
C(56)
C(57)

0.240
0.037
0.386
- 0.133
0.480
0.134
- 0.005
- 0.084
0.043
0.244
0.243
- 0.083
- 0.185
0.001

0.046
0.011
0.065
0.028
0.093
0.037
0.002
0.029
0.025
0.049
0.051
0.037
0.038
0.001

5.256
3.323
5.949
-4.739
5.142
3.648
-0.204
-2.876
1.749
5.017
4.808
-2.226
-4.895
2.051

D.W = 2.07 R-squared = 0.87

Some of the parameters are not directly obtained from the model. Thus, they should be
obtained with respect to the constraints imposed on the model. The values of all coefficients
associated with the variables are reported in Table 5.4.
Table 5.4 Parameters estimates for the Translog cost function with
respect to the constraints
Parameter
Estimates
Parameter
Estimates
a0

23.42

blk=bkl

-0.01

at

0.04

ble=bel

0.00

att

-0.01

bke=bek

-0.02

ar

-1.03

czz

0.45

an

-0.90

dlr

-0.03

bl

-0.20

dkr

0.03

bk

1.45

der

0.00

be

-0.24

dln

0.01

cz

1.91

dkn

-0.02

arr

0.06

den

0.00

arn= anr

0.15

ezr

-0.27

ann

-0.09

ezn

-0.08

bll

0.01

flz

0.14

bk

0.02

fkz

-0.22

bee

0.02

fez

0.08
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5.7. Calculation of Elasticities
Since the translog cost function had many estimated coefficients, some of the coefficients
were not interpreted. Normally, in models used for input analysis, two indices of the AllenUzawa partial elasticities of substitution (𝜎𝑖𝑗 ) and input demand price elasticities (𝜂𝑖𝑗 ) are
utilized. In the translog function, the long-run own elasticities and the long-run cross
elasticities were calculated by Equations 5.14 and 5.15, respectively. In these equations, 𝐿
stands for long-run.
𝑏𝑖𝑖 + 𝑆𝑖2 − 𝑆𝑖
𝑆𝑖2
𝑏𝑖𝑖 + 𝑆𝑖 𝑆𝑗
𝜎𝑖𝑗𝑙 =
𝑆𝑖 𝑆𝑗
𝜎𝑖𝑖𝑙 =

(5.14)
(5.15)

In this equation:
𝑏𝑖𝑗 : Coefficient of multiplication of the logarithm of 𝑖 th input by the logarithm of 𝑗th input
(Equation 5.10).
𝑆𝑖 : Cost share of 𝑖 th input in total cost (Equation 5.11).
After calculation of the Allen-Uzawa partial elasticities of substitution (𝜎𝑖𝑗 ), the own and
cross price elasticities of demand for the inputs have been obtained from Equations 5.16 and
5.17 respectively.
𝜂𝑖𝑖𝑙 = 𝑆𝑖 𝜎𝑖𝑖𝑙
𝑙
𝜂𝑖𝑗
= 𝑆𝑗 𝜎𝑖𝑗𝑙

(5.16)
(5.17)

The Translog cost function does not impose any constraints on the Allen elasticities of
substitution. These elasticities vary over time. In order to calculate these elasticities for any
given firm, the mean of the are obtained values over the period in question exploited.
As indicated in Chapter 2, elasticities of substitution show the percentage of the relative
changes in demand for two inputs resulting from a one percent change in their relative prices.
These elasticities are normally used to group any pairs of inputs according to whether they
are substitutes or complements. If the elasticity of substitution for two inputs is positive, these
inputs are substitutes and if it is negative, the inputs are complements. The own elasticities
(Allen elasticity) is expected to be negative, because the demand for any input (except for
Giffen goods) has an inverse relationship with price.
To calculate the long-run Allen-Uzawa partial elasticities of substitution, the mean value
of the elasticities of all cities are calculated. The cities with unexpected elasticities are
excluded from the mean calculations because their inclusion would exert negative effects on
the results of the total calculation (the long-run Allen-Uzawa partial elasticity of ubstitution).
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Therefore, by taking the mean of the elasticities pertaining to the cities, the long-run partial
elasticities
of substitution for Markazi Province Water and Wastewater Company are
presented in Table 5.5.
Table 5.5 Long-run Allen-Uzawa partial elasticities of substitution for Markazi Province Water and
Wastewater Company
Title

Labor

Capital

Energy

Labor
Capital
Energy

-6.228
0.944
0.409

0.944
-0.172
0.034

0.409
0.034
-7.574

As can be seen, the results are supported by economic theory. All of the own elasticities
(diameter of Table 5.5) were negative and the cross elasticities of substitution were positive.
The other results obtained from the calculation of the long-run Allen-Uzawa partial
elasticities of substitution are as follows:
 The cost sensitivity to the rate of labor wage was considerably greater than its
sensitivity to the capital price.
 Labor and capital were approximate substitutes for each other. That is to say, if the
ratio of labor price to capital price increased by α percent, the ratio of capital
demand to labor demand would increase by approximately 𝛼 percent.
As mentioned before, another index used for sensitivity measurement is the calculation
of cross and own price elasticities. The long-run Translog cost function introduces the partial
elasticities (𝑏𝑖𝑗 =

𝜕𝑆𝑖
𝜕𝐿𝑛 𝑃𝑖

). The long-run input demand price elasticities are given by Equations

5.18 (own elasticity) and 5.19 (cross elasticity).
𝑏𝑖𝑖 𝜕𝐿𝑛 𝐶
+
−1
𝑆𝑖 𝜕𝐿𝑛 𝑃𝑖
𝑏𝑖𝑗 𝜕𝐿𝑛 𝐶
𝑙
𝜂𝑖𝑗
=
+
−1
𝑆𝑖 𝜕𝐿𝑛 𝑃𝑖
𝜂𝑖𝑖𝑙 =

(5.18)
, 𝑖≠𝑗

(5.19)

The long-run own-price elasticity and cross-price elasticity in cities under auspices of
Markazi Province Water and Wastewater Company presented in Table 5.6 and Table 5.7.
The numbers are shown at the top and bottom of each row are elasticities and standard
deviation, respectively.
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Table 5.6 Long-run own-price elasticity in cities under auspices of Markazi Province Water and
Wastewater Company
Title
Astaneh
Ashtian
Arak
Tafresh
Khomeyn
Delijan
Zaviyeh
Saveh
Shazand
Gharqabad
Farmahin
Komijan
Mamuniyeh
Mahallat
Naraq
Nowbaran
Nimvar
Parandak

Labor

Capital

Energy

-0.80
0.01
-0.78
0.01
-0.82
0.00
-0.79
0.02
-0.82
0.00
-0.81
0.01
-0.77
0.02
-0.79
0.01
-0.79
0.01
-0.79
0.01
-0.78
0.03
-0.79
0.02
-0.80
0.01
-0.83
-0.82
-0.82
0.005
-0.77
0.02
-0.82
0.00
-0.81
0.01

-0.15
0.02
-0.20
0.02
-0.10
0.02
-0.16
0.02
-0.08
0.01
-0.11
0.02
-0.18
0.03
-0.17
0.01
-0.15
0.01
-0.14
0.02
-0.16
0.04
-0.15
0.03
-0.13
0.020
-0.07
-0.10
-0.09
0.014
-0.17
0.02
-0.12
0.017
-0.12
0.022

-0.07
0.14
-0.56
0.05
0.15
0.12
0.49
0.27
0.74
0.23
0.86
0.24
0.49
0.59
-0.21
0.19
0.60
0.39
4.10
1.29
0.46
0.33
1.86
0.66
0.35
0.15
1.01
0.86
0.77
0.17
1.03
0.60
0.33
0.52
0.62
0.62
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Table 5.7 Long-run cross-price elasticity in cities under auspices of Markazi Province Water and
Wastewater Company
Title

Astaneh
Ashtian
Arak
Tafresh
Khomeyn
Delijan
Zaviyeh
Saveh
Shazand
Gharqabad
Farmahin
Komijan
Mamuniyeh
Mahallat
Naraq
Nowbaran
Nimvar
Parandak

Labor
and Capital

Capital and
Labor

Labor
and Energy

Energy
and
Labor

Capital and
Energy

Energy and
Labor

0.77
0.021
0.72
0.01
0.80
0.00
0.77
0.02
0.81
0.00
0.80
0.013
0.75
0.02
0.76
0.01
0.78
0.00
0.78
0.02
0.76
0.03
0.77
0.02
0.79
0.01
0.82
0.81
0.81
0.00
0.75
0.02
0.79
0.01
0.79
0.01

0.13
0.024
0.17
0.027
0.097
0.018
0.158
0.029
0.086
0.019
0.113
0.025
0.181
0.037
0.152
0.022
0.151
0.016
0.153
0.023
0.158
0.045
0.156
0.033
0.133
0.021
0.082
0.100
0.094
0.014
0.181
0.028
0.11
0.01
0.12
0.02

0.013
0.004
0.040
0.005
0.007
0.003
0.007
0.003
0.001
0.002
0.002
0.002
0.008
0.003
0.019
0.006
0.006
0.002
-0.002
0.001
0.007
0.002
0.001
0.001
0.007
0.001
-0.001
0.001
0.001
0.002
0.005
0.003
0.008
0.005
0.006
0.004

0.10
0.02
0.16
0.02
0.04
0.02
0.09
0.031
0.00
0.02
0.03
0.02
0.11
0.03
0.123
0.017
0.082
0.012
-0.08
0.06
0.09
0.03
0.02
0.03
0.07
0.01
-0.00
0.01
0.01
0.01
0.09
0.05
0.05
0.03
0.04
0.03

0.000
0.003
0.024
0.006
-0.003
0.002
-0.008
0.002
-0.008
0.002
-0.009
0.001
-0.008
0.004
0.004
0.007
-0.008
0.003
-0.016
0.001
-0.008
0.004
-0.014
0.002
-0.006
0.002
-0.010
-0.009
-0.009
0.001
-0.011
0.002
-0.004
0.005
-0.007
0.005

-0.04
0.12
0.39
0.06
-0.21
0.11
-0.60
0.26
-0.76
0.23
-0.90
0.23
-0.62
0.58
0.07
0.20
-0.69
0.38
-4.02
1.22
-0.57
0.35
-1.90
0.64
-0.43
0.16
-1.01
-0.89
-0.80
0.16
-1.13
0.56
-0.40
0.50
-0.69
0.60
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In order to study the cross and own price elasticities for the Markazi Province Water and
Wastewater Company, their mean values are reported in Table 5.8.
Table 5.8 Long-run price elasticities in Markazi Province Water and Wastewater Company
Labor cross elasticity
with respect to capital
0.135

Capital cross elasticity
with respect to labor
0.785

Own price elasticity
for capital
- 0.140

Own price elasticity
for labor
- 0.803

The energy elasticities and their relationships with capital and labor inputs were not
presented in this table. Concerning these results, the following three points can be inferred:
1. 𝛼 percent increase in labor wage results in 𝛼 × 0.803 percent decrease in Markazi
Province Water and Wastewater Company’s demand for the labor to be employed.
2. 𝛽 percent increase in capital price will lead to 𝛽 × 0.140 percent decrease in
Markazi Province Water and Wastewater Company’s demand for capital items
(land, buildings, facilities, equipment, machinery, etc).
As can be seen, the sensitivity of capital demand to capital price was significantly lower
than the sensitivity of labor demand to labor price. This indicated that a company could easily
adjust itself to any increase in wages rates by decreasing its labor demand. However, the
company cannot respond as quickly to increases in capital price. This is due to the fact that
the water industry is very capital-intensive, such that the share of capitalized costs in the total
assets (current assets index) is approximately 90 percent.
3. 𝛾 percent increase in capital price leads to 𝛾 × 0.785 percent increase in labor
demand, while, 𝛾 percent increase in labor price causes 𝛾 × 0.135 percent increase
in capital demand.
As can be observed, capital and labor were substitutes for each other, but the amount of
their substitution is not the same. In other words, the increase in labor demand resulting from
𝛾 percent increase in capital price was not equal to the increase in capital demand resulting
from 𝛾 percent increase in labor price. Simply put, if labor price increased at a specific rate,
for example by 10 percent, capital demand would increase only by 1.40 percent, while the
same rate of increase in capital price would lead to a 7.6 percent increase in labor demand.
This finding also confirmed the capital intensiveness of the water and wastewater services.
The Summary of the Research Results is as follows:
 Labor and capital used for water supply by Markazi Water and Wastewater
Company are substitutes for each other.
 The labor demand response to changes in wage rates is considerably greater than
the capital demand response to changes in the capital price index.
 The labor demand response to changes in the capital price index is considerably
greater than the capital demand response to changes in wage rates.
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5.8. Economies of Scale
Economies of scale measure how the output changes with respect to a proportional increase
in inputs. When a firm is subject to constant returns to scale, if all the inputs undergo a
proportional increase by the amount of 𝜆, the output will experience an increase by the same
amount. If economies of scale are present, the output will increase at a higher rate than 𝜆, and
if there are diseconomies of scale, the output will increase at a lower rate than 𝜆. Economies
of scale are calculated as shown in Equation 5.20.
𝐸𝑆𝐶 = 1 −

𝑀𝐶
𝐴𝐶

(5.20)

Where 𝑀𝐶 is the marginal cost and 𝐴𝐶 is the average cost.
When there are economies of
scale, the following two situations can arise:
 The marginal cost is negative (𝑀𝐶 < 0); in this case, by increasing the output, the
marginal cost will decrease.
 The marginal cost is lower than the average cost of production (𝑀𝐶 < 𝐴𝐶).
In the first case, the elasticity of cost to the output (Equation 5.21) is negative and in the
second case, this value is positive and smaller than unity.
𝜀𝐶𝑌 =

𝜕𝐿𝑛 𝐶 𝑀𝐶
=
𝜕𝐿𝑛 𝑌 𝐴𝐶

(5.21)

The economies of scale index can be defined according to the Equation 5.22. In this
equation, variable 𝐶 represents the total cost and variable 𝑌 is the volume of the urban water
supplied to both residential and non-residential users.
𝐸𝑆𝐶 = 1 −

𝜕𝐿𝑛 𝐶
𝜕𝐿𝑛 𝑌

(5.22)

In most studies, this index is generally obtained by inverting the elasticity of cost with
respect to the output (Equation 5.23).
𝜕𝐿𝑛 𝐶 −1
1
𝐸𝑆𝐶 = [
] =
𝜕𝐿𝑛 𝑦
𝜀𝑐𝑦

(5.23)

If the elasticity of cost (𝜀𝐶𝑌 ) is equal to, or greater or smaller than unity, then there will
be constant, decreasing, or increasing returns to scale, respectively. In this study, Equation
5.23 is used to calculate the economies of scale.
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The results related to the economies of scale of water supply (residential and nonresidential) in the cities served by Markazi Province Water and Wastewater Company are as
shown in Table 5.9.
Table 5.9 Economies of scale of water supply (residential and non-residential) in cities served by
Markazi Province Water and Wastewater Company
City

𝑑(𝐿𝑛 𝐶) 6
𝑑(𝐿𝑛 𝑌𝑅 )

Elasticity of scale for
residential water
supply

𝑑(𝐿𝑛 𝐶) 7
.
𝑑(𝐿𝑛 𝑌𝑁 )

Elasticity of scale for
non-residential water
supply

Astaneh
Ashtian
Arak
Tafresh
Khomeyn
Delijan
Zaviyeh
Saveh
Shazand
Gharqabad
Farmahin
Komijan
Mamuniyeh
Mahallat
Naraq
Nowbaran
Nimvar
Parandak

0.51
0.48
0.51
0.44
0.47
0.45
0.45
0.49
0.51
0.67
0.51
0.49
0.43
0.48
0.41
0.51
0.49
0.53

1.96
2.08
1.96
2.27
2.13
2.22
2.22
2.04
1.96
1.49
1.96
2.04
2.33
2.08
2.44
1.96
2.04
1.89

1.51
2.47
0.29
0.38
0.58
0.38
3.91
0.28
1.62
4.92
0.65
2.85
2.03
2.02
1.76
1.16
4.43
0.28

0.66
0.40
3.45
2.63
1.72
2.63
0.26
3.57
0.62
0.20
1.54
0.35
0.49
0.50
0.57
0.86
0.23
3.57

Based on Table 5.7, the following results are obtained:
 The marginal cost of residential water supply in all cities served by Markazi Province
Water and Wastewater Company decreases as its supply increases. The process of
supply, distribution and delivery of residential water is subject to economies of scale and
the marginal cost of the residential water supply is always smaller than the average cost
of its supply. This point confirmed by the value of the elasticity of scale for the
residential water output being greater than unity.
 In some cities, the elasticity of scale of non-residential water supply is greater than unity;
that is to say, in these cities, an increase in non-residential water supply leads to the
decrease of water supply cost. Therefore, in such cities, the non-residential water supply
enjoys economies of scale. This is especially true for the industrial cities of the province

6
7

Elasticity of cost with respect to residential water output.
Elasticity of cost with respect to non-residential water output.
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where, the number of non-residential consumers and their water consumption constitute
a significant share of the total consumers and total consumption, respectively.
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Chapter 6
6. Concepts and Methods of Urban Water Pricing
Water has unique characteristics such as being scarce and non-substitutable,
having a monopolistic market, and entailing a difficult transportation process.
Thus, it should be optimally allocated to different consumer. Water supply and
demand management is one of tools used to ensure the efficient allocation of the
limited water resources. Therefore, the economic pricing of water is of
considerable importance.
Accurate water pricing with respect to the environmental, economic, cultural,
social and political conditions, is a complex phenomenon. This complexity may
increase when these conditions suggest contradictory treatment. In this chapter,
fundamentals of water pricing, from economic, financial and business
perspectives, as well as the different methods of economic pricing of water are
examined in detail. The studies carried out on water pricing and the relevant
experiences of some countries are among some of the other topics are
presented in this chapter.
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6.1. Pricing
Pricing determines the appropriate monetary value of a goods or services. Pricing is a type
of decision-making with respect to various criteria and objectives that might be in conflict
with each other. Pricing sometimes is carried out under uncertainty and should address
multiple distinct objectives. Although in the economic literature, price significantly is related
to supply, demand and cost elasticities, there are many factors affecting pricing. These factors
are mostly divided into external and internal factors. Philip Kotler in his famous work,
“Principles of Marketing” categorized these factors as shown in Table 6.1.
Table 6.1 Factors affecting pricing of goods and services
External

Internal

Type of industry

Production cost

Government plans

Expected profit

Competitor activities

Corporate image and reputation

Economic conditions of the country (interest rate)
Market type

Portfolio
Geographical scope

Legal restrictions and monopoly

Management decisions

Consumer interests and values

Product life cycle

Pricing is an ongoing process and must be carried out by considering all the internal and
external factors. Moreover, the notion of pricing public goods and services (public utilities
such as water, electricity, gas, and telephone) is a more important issue compared to the
pricing of other types of goods.
Since prices of goods revised over time according to environmental changes, instabilities,
market circumstances, pricing considered a dynamic rather than a static process.
Product pricing is one of the complex and controversial topics in economics that is mostly
studied in the field of microeconomics. The pricing procedure is carried out as shown briefly
in Figure 6.1. As previously mentioned, pricing is subject to revision over time.

Determining
the objectives
Figure 6.1 Pricing process of goods and services

6.2. Concepts and Methods of Urban Water Pricing
Price is one of the main and important economic variables affecting the optimal allocation of
resources, efficiency improvement, innovation, and behavior regulation of economic agents.
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Any control over or intervention in pricing should be made in full awareness and considering
every possible aspect.
Price is not just a tool to cover costs, however, if it is determined according to proper
principles, its beneficial outcomes will be considerably greater than mere cost coverage. This
is especially effective in countries like Iran characterized by heavy water use and suffering
from water crisis and water stress.
In most countries, water and wastewater pricing is not done according to the performance
of market factors and the economic considerations perhaps serve a minor role in water
pricing. In this case, for many people, water is a free charge economic good. Over the last
two decades, many countries, regardless of their attitudes towards water resource
management, have done valuable work in reforming water pricing.
Nowadays, due to a number of factors, including population growth, public welfare
improvements, and scarcity of sustainable water resources, there is an increasing need for
building and acquiring more facilities and equipment required for water supply and
distribution. Furthermore, water utility should secure the financial resources necessary for
implementing their new plans through selling water. Hence, the urban water supply and
distribution firms inevitably should move towards economic self-sufficiency.
In many countries, owing to a variety of issues and especial conditions, the price
determined for water and wastewater do not even cover a significant part of the operating
and utilization costs. The gap between the price and actual cost might be created by direct or
indirect government subsidies. It also may appear as retained loss or decrease in the equity
value. Whatever the case may be, it means that the costs pertaining to the current consumers
will be passed on to the next generations.
The detrimental effects of investment decline in water and wastewater projects will be
revealed in the near future. The poor-quality of water is left behind for posterity, liquidity
shortage, loan and bank credit financing, issuance of bonds and other investment securities,
and risk sharing.

6.3. Water Pricing Strategy Framework
Many studies have shown that the traditional approaches to water resource management have
led to inefficient pricing of water. Most international financial and economic organizations
believe that utilizing historical accounting instead of economic costs, employing average cost
rather than marginal cost, consumer resistance, and political motives account for some of the
reasons contributing to inefficient social pricing of water (subsidized system). Therefore, in
order to achieve the optimal pricing aimed at wealth generation, sustainable development,
and demand management, all environmental aspects and economic costs should be taken into
consideration in water pricing (Figure 6.2 and Figure 6.3).
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Environmental Externalities
(Public health or ecosystem impacts)

Economic Externalities
(Increased production or
consumption costs)

Opportunity Cost
(higher value in alterative
uses)

Full
Economic
Cost

Full
Cost
(= Sustainable
Value in use)

Capital Charges

O&M Cost
Figure 6.2 Water pricing based on full costs (R: R:H.H.G. Savenije and P. van der Zaag (2001)
“Demand Management and Water as an Economic Good”, IHE, the Netherlands)
Intrinsic Value
(Stewardship, bequest and
existence values)
Adjustments for Societal Objectives
(Poverty alleviations, employment,
food security)
Net Benefits from
Indirect Uses
(Domestic use of irrigation water)

Economic
Value

Full
Value

Net Benefits from
Return Flows
(Recharge and in-stream uses)
Value to Users of Water
(Marginal value of product or
willingness to pay)
Figure 6.3 Water pricing based on the intrinsic value of water (R: R:H.H.G. Savenije and P. van der
Zaag (2001) “Demand Management and Water as an Economic Good”, IHE, the Netherlands)
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Today, due to certain management issues (decline in water resources, increase in water
use, pollution of water resources, frequent droughts), the economic and social value of water
has significantly increased, which in turn, has led to the development of a number of water
pricing theories based on economic models. In the water pricing process, six important
principles, as shown in Figure 6.4, should be necessarily observed.

Economic
efficiency
Figure 6.4 Principles of economic water pricing

6.3.1. Economic Efficiency
Water is a scarce resource. Efficient allocation of water should be a priority when water price
is set. Only when water price reflects its true economic cost, water could be allocated
efficiently among different users. This principle expresses the idea that in order to achieve
economic efficiency, price should be equal to marginal cost. These costs include operating
and maintenance costs, production capacity expansion costs, environmental costs and other
external costs.
The rationale behind the idea of charging a price equal to marginal cost is that if the
selling price is greater than the marginal cost, it will lead to inefficiency. This is due to the
fact that, for some people, the value of additional water consumption will be substantially
greater than the production cost. In this situation, we will be faced with under-consumption
as the same people will not be able to afford the additional water because of its high price.
Also, if the price is lower than the marginal cost, it will again lead to inefficiency, because
water is produced at a higher cost than its purchase value, and in this case, over-consumption
will occur. Therefore, the total social benefit is maximized when the price will be equal to
the marginal cost. That is to say, in this case, the sum of the social benefits will be maximized.
Pricing based on marginal cost will only be efficient in competitive markets because firms
strive to minimize their production costs only in competitive markets. When estimating
operating costs as part of the marginal cost of water and wastewater services, it should be
noted that in most firms, the number of employees is considerably greater than the required
labor. Thus, these costs should be omitted from the calculation of costs. The costs of
collection and treatment of wastewater and the costs of cleaning the environment polluted by
improper wastewater disposal should also be added to the economic costs of water.

Fin
vi
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Moreover, additional charges should be imposed on the industries discharging pollutants into
the environment.1
Adding the extra charges of wastewater to the price of water encourages consumers to
exploit water and wastewater facilities in a way that is socially desirable.
Cooper et al. (2012) categorized economic efficiency from three key dimensions, namely
productive, allocative, and dynamic efficiency. Notably, these types of efficiency are not
necessarily mutually exclusive. First, productive or technical efficiency refers to goods or
services being produced in the most technologically efficient way. That is, resources are used
to produce the maximum possible output at the lowest cost. A policy of subsidized
infrastructure is not consistent with this concept unless supported by clear grounds, such as
spill-over effects or public goods.
Second, allocative efficiency is a measure of economic efficiency which represents the
efficient distribution of productive resources that will ultimately achieve the optimal
combination of output.
Third, dynamic or intertemporal efficiency, which refers to the economically efficient use
of scarce resources through time and embraces allocative and productive efficiency in an
inter-temporal dimension.

6.3.2. Financial Viability
Financial viability involves ensuring that the costs of providing water services recovered over
the life of the asset and consumables. These costs should comprise capital costs, operating
costs, depreciation cost and an appropriate return that is adequate to cover the commercial
and regulatory risks involved.
The main reason for embracing the financial viability principle is to achieve an acceptable
rate of return on assets. In countries where water utilities are managed by non-governmental
entities, the regulatory bodies responsible for water pricing expect a high rate of return. On
the contrary, in countries where water utilities are managed by the government (developing
countries), a minimal rate of return is expected so that water prices can contribute to both
political and social stability. As a result, water prices in these countries are extremely low.
Another application of this principle is when water utilities grow quickly (market growth)
and they have to finance their new developmental investments from their own revenues. In
such cases, an appropriate pricing can help utilities properly implement their programs.
In the water and wastewater services, prices with a desirable financial performance might
not be economically efficient, because financial performance deals with the costs that do not
pertain to long-run capacity programs. In order to make up the difference between economic
efficiency and financial flow, government intervention is required. For example, if the

1

The “polluter pay” principle is a commonly accepted practice in environmental law which was first adopted in
the Netherlands in the 1970s and then spread to other European nations as well as some other developed countries
from around the world.
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marginal cost pricing policy brings in considerable revenue surplus, this surplus can be
handed out to the low-income consumers as water and wastewater subsidies, and if pricing
policies lead to revenue shortfall, the deficit can be tackled by employing two-part tariffs in
order to achieve the desired financial performance.

6.3.3. Social Equality and Affordability
The present study examined the principles of equality, fairness, social justice, poverty
alleviation, and redistribution of income under the rubric of social equality and affordability.
Incorporating the concept of fairness into economic analyses brings some challenges to
the practice of offering optimal solutions for water pricing (Kolm, 1996).
In regard to the issue of equality, affordability is the most common public concern, which
means water should be priced in a way that low-income consumers can also afford it. In some
cases, it is socially preferable to set higher prices for subscribers with higher consumption.
Although the economic findings indicate that water loss results from low water pricing, the
principle of fairness should also be observed in the water and wastewater services. Based on
the water pricing mechanism, offering subsidies to low-income households who are not able
to pay for the minimum charges of water is logical and can result in high efficiencies
including savings in healthcare costs. It is also common practice to price necessity goods
such as water lower than other types of goods. Another important point is that water is a good
with no substitute. Thus, consumers have no other option available to them. At the same time,
water supply is in general subject to monopoly, and in this case, the supplier tends to set the
price higher than the marginal cost; this practice, apart from adversely affecting consumer
welfare and violating the economic efficiency principle, does not comply with the principle
of fairness. In such cases, the governments usually try to bring the prices down to the
marginal cost level. Furthermore, a multi-part tariff pricing structure is another solution,
which, in addition to maintaining the principle of fairness, can generate adequate revenue for
the supplier.
The issue of social equality is considered in conjunction with the principle of fairness. If
people of different social classes are made to pay the same amount for water utility services,
the social equality principle will be breached. Although in the pricing process, the consumers’
ability to pay is a significant consideration, the necessity for generating adequate revenues or
redistribution of income by means of pricing is also of especial importance.
The principle of fairness in the pricing of goods such as water generally depends upon
the degree to which it affects poorer consumers and their ability to pay.
However, the
concept of intergenerational justice, as an important factor, also deserves considerable
attention. For example, it should be determined how costs need to be apportioned between
current and future consumers.
Despite the clear need for thinking about the equality between the urban and non-urban
water users, Byron (2011) shows that there is a considerable inequality in the rural sector.
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For example, currently, many consumers receive their water rights as subsidies granted by
the government2, while the newcomers to the consumer network have to purchase their water
rights at current market prices. Such inequalities may occur in other industries as well. It
should be noted that the presence of such exemptions for certain users undermines the claim
that the non-urban sector, as a whole, requires financial aid.
According to a report by the Australian Essential Services Commission (2005), it is safe
to say that there is hardly any equality criterion in the selection of investments in water
delivery infrastructures by the government.
Crase et al. (2013) also draw our attention to the inequality and injustice
of the
empowerment realized through subsidized grants aimed to lower the costs of water delivery
and suggest that the political forces play an important role in this regard. Moreover, the
empowerment distribution is generally arbitrary. Note that using the same pricing structure
for all water consumers should not be misinterpreted as fairness or equality.
In some studies,3 with regard to the poverty alleviation as one of the main principles of
water pricing, provision of water services considered an essential right and access to water,
regardless of the ability of people to pay for it, is deemed a vital necessity. Consequently,
this purpose results in free provision of water to many or at least to the disadvantaged.
However, this practice violates the principles of economic efficiency and revenue adequacy.

6.3.4. Simplicity
This principle expresses the idea that water pricing should have a simple structure and remain
stable over time. This structure should be such that most consumers can get a solid grasp of
it and be sensitive to its changes. Consumers should also be able to adjust their consumption
with respect to changes in price. Moreover, there should be a limited number of consumer
categories and consumption groups so that water utilities can employ them more efficiently
(predicting revenues, issuing bills, measuring consumption, collecting bills, etc.).
The simplicity principle also means that prices should not fluctuate over time because
frequent price fluctuations lead to uncertainty in consumption and cause difficulties in longrun investment programs.
According to Cooper et al. (2014), in Australia, when a change occurs in water supply or
water tariffs, the simplicity principle can get complicated by implementing extensive social
consultations, surprisingly, such consultations generate enormous costs even to the suppliers
(for example the studies of Crase et al. (2013)).

2

3

For various reasons including as a response to political mobility.
O.P Mathur and S. Thakur

(2003) & D. Whittington

(2003).
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6.3.5. Flexibility
The pricing mechanism should be flexible enough to adjust itself to changes in water supply
and demand. In this approach, the main challenges are changes in consumer preferences and
technological developments. In order to realize the goals, set in development plans, experts
need the water supply variable in advance for adjusting water tariffs. However, in countries
with different water supply methods, this approach can be problematic. For example, if an
unforeseen drought occurs, the water supply costs will inevitably increase, since the water
infrastructures run at a lower level than the desirable capacity. At the same time, the water
suppliers face a decrease in water allocated to them compared with their required rights and
this poses a threat to the adequacy of water suppliers’ revenue. For example, the Victorian
Auditor-General's Office (Australia) in its annual analysis for 2010-2011, reported that the
adjusted tariff in dry years was lower than the costs. At the same time, in addition to the
subsidized infrastructure, the costs of these infrastructures are ignored when the tariffs are
adjusted. This point, in turn, intensifies the impact of drought on tariffs. However, this effect
can be counterbalanced, to some extent, by the potential of tariff increase in the wet years.
However, a question is still left unanswered: will these effects really be counterbalanced?

6.3.6. Regional Characteristics
In addition to the principles mentioned above, based on a study conducted by Roth (2001),
in the EU member states, consideration of regional and local characteristics is of the highest
importance in framing and enforcing efficient water pricing policies. In fact, the need to
consider issues such as infrastructural facilities and climatic and geological factors exerts a
massive impact on achieving optimal pricing.
Apart from the general principles mentioned earlier, we can identify some additional
principles within the pricing framework, which usually overlap them, are implicitly the same
principles, or are of lesser importance compared to them. Environmental characteristics are
among these principles, which were previously alluded to as natural value of water or social
value of water in efficiency principle and were also touched upon under the rubrics of
intergenerational equality and persevering water resources for the next generations, earlier in
the discussions on the fairness principle.
It should be noted that, with respect to the characteristics mentioned earlier, water pricing
is a complex undertaking. Therefore, in order to achieve optimal pricing, all of these
principles should be taken into consideration. However, a comprehensive fulfillment of all
these principles is not an easy task, because some of these objectives are in conflict with each
other. Hence, in water pricing within different sectors, these principles take varying priorities.
For example, in industrial sectors, the principles of economic efficiency and revenue
adequacy are of utmost importance compared with other principles, while in the residential
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sector, the principle of fairness and social equality takes on a higher importance (Jordam,
1998).

6.4. Water Pricing Objectives
In most countries, the price of water is set by governments or by state-run institutions
(municipalities or city councils). Therefore, the decision-making institutions, which employ
various pricing methods with respect to the different strategies, should incorporate the
following potentially conflicting goals into their water pricing policies:
 Allocating production and distribution costs between consumers in accordance with
the amount of stress exerted on water utilities.
 Determining the socio-economic value of water from the opportunity cost
perspective.
 Ensuring a fair degree of price stability.
 Providing low-income consumers with the minimum economically viable level of
services.
 Setting the general level of prices high enough so that the financial needs of water
supply and distribution firms can be fulfilled.
 Designing a simple pricing system which facilitates consumption measurement as
well as the billing procedure.
 Using price as a demand management tool so that water consumption can be
controlled and consequently decreased.
Water utilities should be considered independent firms and the subsidies granted by
governments on the consumption of water need to be kept at a low level. Water subsidies
create considerable economic costs and environmental impact. Furthermore, low prices will
lead to an increase in consumption and a decrease in the financial ability of water supply and
distribution firms. This will consequently result in a substantial decline in water supply and
service provision. The following considerations are of especial importance in water pricing:
Water firms should enjoy sufficient financial independence in their operations and
maintenance of their facilities.
Prices should cover all costs and generate financial resources for future investments
(developmental and capacity expansion investments) and at the same time take the
consumers’ financial ability into consideration. The principle of social equality should be
addressed in water pricing.
Consumers who are able to pay the economic prices of water should pay the actual prices;
however, low-income households who are not able to pay this price should receive subsidies
on their domestic water consumption.
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6.5. Common Water Pricing Structures
The pricing of water, compared with other goods, displays a higher degree of sensitivity. This
issue, as indicated in chapter one, is due to the unique nature of water and the special
conditions which govern its pricing. In developing and under-developed countries, the special
characteristics of water have caused the factors affecting demand and pricing to become
ineffective or exert just a limited impact. Considering these explanations, the pricing
practices in different countries or even within a country do not follow a uniform pattern.
Water pricing carried out using a variety of methods some of the most common of which will
be presented in this section.

6.5.1. One-Part and Multi-Part Pricing
First, water pricing can be categorized into two main groups: one-part pricing and multi-part
pricing. In one-part pricing, which can be either fixed or variable, only one price is utilized.
When a fixed one-part structure is employed, for whatever quantity consumed over a given
period of time, consumers should pay a fixed amount of money and the price is not directly
related to the water consumption or the characteristics of consumers. In other words, this
pricing method based on average cost. This method is employed when measurement of
subscriber water consumption is not feasible; therefore, the received fixed fee is determined
based on water quality or the diameter of connection pipe.
This pricing method used in countries with abundant water resources (e.g., Canada,
Norway, and the UK). One-part pricing makes it possible to allocate a constant level of
consumption based on the type of residential building and the level of household income.
Since in fixed one-part pricing, the volume of water consumption is not measured, there is
no incentive for consumers to reduce their consumption.
At the same time, when there is an increase in prices, consumers have no opportunity to
adjust their consumption in order to reduce their water charges (Figure 6.5).
In variable one-part pricing, for any quantity consumed, a constant rate is used. This
method is a common practice in Australia, the Eurozone, and the U.S. Note that, in this type
of pricing, the short-run marginal cost determines the price of water.
𝑃

𝑃𝑎
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Figure 6.5 Fixed and variable one-part pricing

The mathematical representation of both fixed and variable one-part pricing are as shown
in Equations 6.1 and 6.2.
𝑃 = 𝑎
𝑃 = 𝑎𝑄

(6.1)
(6.2)

In multi-part water pricing, we are faced with at least two rates, i.e., fixed multi-part
pricing and variable multi-part pricing. In fixed multi-part water pricing, there are
predetermined rates for consuming specific blocks (Figure 6.6). This type of pricing is highly
recommended by the World Bank and other international organizations in order to achieve
the following goals:
 Covering fixed costs including fixed production and management costs.
 Achieving economic efficiency and productivity.
The variable multi-part pricing is a combination of a fixed rate and the variable one-part
charges and its variable part may have multiple rates as well (Figure 6.7). For example,
imposing the standing charges, which in many pricing practices combined with a variable
one-part price, is an instance of the variable multi-part pricing.
𝑃

a

𝑄
Figure 6.6 Fixed multi-part pricing
𝑃

𝑃𝑎

𝑄
Figure 6.7 Variable multi-part pricing
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6.5.2. Block Tariffs
In this type of pricing, non-uniform prices are employed. Block tariff pricing is a type of
multi-part pricing. In block tariff pricing, for a specific range of water consumption, the price
of a unit of consumption remains fixed, but when the consumption increases, the price shifts
to the higher (increasing) or the lower (decreasing) block. In this structure, the marginal price
of water depends on the quantity of water consumed. There are different types of block tariffs,
which are as follows.

6.5.2.1. Decreasing Block Tariff (DBT)
Decreasing block-rate is one where the unit charge decreases with the amount consumed.
Decreasing block-rate used to reflect the economies of scale present in serving larger users,
and to reflect their higher load factors and the fact that they use less of the distribution system.
Such a rate structure is an indirect way of charging rates to different customer classes whose
unit cost of service differ. Decreasing block-rate make the added use of water less expensive
on a per unit basis. Consequently, it does not encourage or promote water conservation (Liu,
2000). This method does not account for the direct costs of each consumer and makes smaller
consumers pay subsidies to bigger ones. In this method, the price differences between blocks
are not equal. In the decreasing block structure, the steps decline from left to right (Figure
6.8). In other words, large water consumers, which are mostly major industries, pay a lower
price for each unit of water by increasing their consumption. This type of pricing utilized in
countries with policies aimed at supporting their big manufacturing industries.
𝑃𝑎

𝑃1
𝑃2

𝑃3
𝑄1

𝑄2

𝑄3

𝑄

Figure 6.8 Decreasing block tariffs

The rationale behind decreasing block tariffs is that, as the consumption increases, the
water networks will face decreasing costs. Therefore, the decreasing block tariff structure
will transfer cost savings to the consumer. However, this structure does not have a direct
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relationship with water value and its lost opportunity cost. This method does not directly
impose the costs resulting from each subscriber’s consumption on the price and causes small
consumers to pay subsidies to bigger ones.
In addition, under water scarcity conditions, due to the competition between various users,
the economic value of water increases and we are also faced with increasing costs.
Accordingly, it does not take the economies of scale into consideration. Therefore, decreasing
block tariffs neither lead to water conservation nor promote economic efficiency.

6.5.2.2. Increasing Block Tariff (IBT)
Increasing block-rate is one where the unit charge increases with the amount consumed. The
main objective is to encourage conservation since the price of water increases as consumption
increases.
Equity accomplished since consumers who use lower amounts of water pay less, and
those who put the most demand on the system pay a higher rate (Liu, 2000). (Figure 6.9).
This structure is suitable for the conservation of water resources. The weakness of this
structure is that the prices in different blocks are not set based on the actual price of water.
In this method, big consumers pay subsidies to smaller ones.

𝑃

𝑃4
𝑃3

𝑃2
𝑃1
𝑄1

𝑄

𝑄3

𝑄2

Figure 6.9 Increasing block tariff
Table 6.2 Water consumption blocks in Iran based on 2015-2016 regulated tariffs (numbers are in cubic
meter per month)
1

2

3

4

5

6

7

8

9

10

(0,5]

(5,10]

(10,15)

(15,20]

(20,25]

(25,30]

(30,35]

(35,40]

(40,50]

> 50

The increasing block tariff represented by an increasing step-wise diagram ascending
from left to right and the marginal price of water increases as greater quantities of water are
consumed. This model is widely utilized in both developing and developed countries (Japan,
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Spain, and the U.S.). Considering the circumstances, this pricing method may be adopted in
order to achieve the following three objectives:
 Affordability: Subsidies are granted to consumers in accordance with the quantity
consumed. The subsidy is substantially high in the first block where the quantity
consumed is low. This block is called, the subsistence block (the minimum amount
of water needed for survival).
 Water Conservation: In order to achieve long-run social benefits, it is necessary to
charge higher prices for higher consumption.
 Economic Efficiency: Economic efficiency is achieved when in the higher blocks;
the quantity consumed is related to the long-run marginal cost of water
consumption.
In the increasing block structure, it is assumed that water networks incur substantial
marginal costs by expanding their capacity. Hence, the increasing block tariff scheme aims
at conserving water resources. However, this pricing model also suffers from a few
shortcomings akin to that of the decreasing block structure. In fact, in this model, prices do
not demonstrate a direct relationship with water value and lost opportunity cost. Moreover,
the increasing price structure will lead to the distribution of subsidies between the blocks in
such a way that bigger consumers pay subsidies to smaller ones.
Increasing block tariffs help save water, but do not necessarily ensure social justice. This
pricing method, may negatively affect the underprivileged by prompting a decline in water
consumption for sanitary purposes. However, it must be noted that increasing tariff can pave
the way for social justice by creating the conditions under which the consumers pay lower
prices for their essential needs and higher prices for higher consumption.

6.5.2.3. Mixed Block Tariffs
This pricing method is the combination of increasing and decreasing block tariffs and
commonly has a minimum consumption. The prices assigned to each block increasingly rise
and then decreasingly fall at a different rate (Figure 6.10).

P
𝑃4
𝑃3
𝑃2
𝑃1
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𝑄3

𝑄
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Figure 6.10 Mixed block tariffs

6.5.2.4. Seasonal Rate Pricing (Fist Best Pricing)
In the water industry it is increasingly common to observe rates that vary by season; volume
charges are higher during the peak season and lower during the off-peak season. It is referred
to seasonal rate. This pricing structure approximates marginal cost pricing. The economic
theory behind surcharges is that prices during peak demand periods exceed prices during offpeak periods. It peak use that strains the capacity of the system and triggers the need for
expansion (Liu, 2000). Therefore, peak users should pay the extra costs associated with
system expansion. Seasonal rate pricing devotes special attention to social justice, because
during the peak period or when a water crisis arises, all the additional capacities are needed,
therefore, consumers should bear the operating and maintenance costs as well as the capacity
expansion expenses. While during the off-peak period, consumers only pay for the operating
costs.

6.5.2.5. Uniform Rate Structure
In this type of pricing, after receiving the connection charge that covers the fixed costs, a
uniform price is set for every single unit of water consumption. If this price is set based on
the marginal cost, it will lead to economic efficiency, water conservation, and net income
stabilization. It will also minimize the unwanted redistribution of income.

6.6. Economic Water Pricing
The most common methods used for economic water pricing include marginal-cost pricing
and Ramsey pricing.

6.6.1. Marginal-Cost Pricing (First Best Pricing)
The problem faced by the water services is that water prices and tariffs are significantly lower
than the actual costs of water supply and distribution. Therefore, we are witnessing a great
inefficiency in the water sector. This problem is indicative of the need to reform water prices.
The World Water Commission has recently confirmed the strong need for full-cost pricing
of water services. In 2000, the World Water Commission member states agreed that their
most urgent consideration for water sector would be the adoption of full-cost pricing.
The water supply process goes through the stages of extraction, transfer, treatment,
pumping, storage, and distribution. Implementation of these stages depends on various
factors such as the location of the city, ground topography, the source of water (water well,
spring, dam, etc), and the location of water resources. Therefore, water supply and
distribution are related to extraction, transfer, treatment, storage, pumping, and distribution.
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Water supply and distribution, for a given residential region, in addition to capital costs
requires operating and maintenance costs. There is a direct and positive relationship between
these costs and the distance between the city and the locations at which different stages of
supply and distribution process implemented. The sum of optimal costs, which is related to
water supply with various qualities [𝑊1 , 𝑊2 , … , 𝑊𝑚 ] and the qualitative characteristics of
these water supplies [𝑞1 , 𝑞2 , … , 𝑞𝑚 ], is defined as shown in Equation 6.3.
𝑇𝐶 = 𝑇𝐶 (𝑊1 , 𝑊2 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , … , 𝑞𝑚 )

(6.3)

Under the assumption that water firms exhibit behaviors aimed at profit-maximization,
the water volume supplied of any quality j defined as shown in Equation 6.4.
𝑊𝑠𝑗 = 𝑊𝑠𝑗 (𝑃𝑊1 , 𝑃𝑊2 , … , 𝑃𝑊𝑚 , 𝑞1 , 𝑞2 , … , 𝑞𝑚 )

(6.4)

With regard to the price of water with quality 𝑗 , 𝑗 = 1, 2, … , 𝑚 , 𝑃𝑤𝑗 , and on the
assumption that higher quality water is more expensive such that 𝑃𝑊1 > 𝑃𝑊2 >. . . > 𝑃𝑊𝑚 .
There are two types of water demand functions:
Water as a final good: The demand for water as a final consumable good that water is
consumed by end consumers and defined by the utility maximization process and the personal
satisfaction of individuals.
Water as an intermediate good: The demand for water as an intermediate good which
is used in the production of other goods and services, so that its value obtained from the
marginal value of other goods and services within the framework of profit maximization or
cost minimization.
Whether water with any quality 𝑗 consumed by a consumer as a final consumable good
or used as an intermediate good for producing other goods or services, the function of demand
for water made by different consumers (residential consumers and firms) can be defined as a
function of its own price. While other variables such as the qualitative characteristics, the
income level of the household, and the prices of the goods (other than water) can be discussed
as factors exogenously affecting water demand with any quality. Therefore, Equation 6.5 is
always true.
𝑊𝑗𝐷 = 𝑊𝑗 (𝑃𝑊𝑗 )

(6.5)

In accordance with economic theories, when the partial equilibrium model is used in the
water market, the prices are determined as shown in Equation 6.6.
𝑃𝑊𝑗 = 𝑀𝐶 (𝑊𝑗𝑆 )

(6.6)
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In the above equation, 𝑀𝐶 (𝑊𝑗𝑆 ) indicates the marginal cost of water of quality 𝑗. The
price of marginal cost shows the production costs of the last unit of any quality of water over
a given period. In order to maximize social welfare, the price of any given quality of water
should be set equal to the marginal cost.

6.6.2. Ramsey Pricing (Second Best Pricing)
In 1927, Franck Ramsey, a French economist, proposed a pricing method suitable for firms
operating under natural monopoly. In 1956, this method was modeled by Boiteux. The profit
gained by firms holding monopolistic powers (e.g., water and electricity firms) is mostly
greater than their marginal costs. This can lead to reduced consumer welfare compared with
when there is perfect competition. Therefore, governments (if they are the price-regulating
agents) tend to decrease prices and bring them closer to marginal costs. However, given the
economies of scale and fixed costs, any pricing method that sets prices as equal to marginal
costs might not be feasible for the firms.
Under such conditions, a price structure aimed at maximizing profits for monopolists
tends to bring the quantities consumers are willing to purchase as close as possible to the
quantities they are willing to buy under marginal cost pricing. In the economic literature, this
system is known as Ramsey pricing (inverse-elasticity rule).
Various methods have been proposed for Ramsey pricing. In the most prominent method,
the cross-price elasticities are set equal to zero. It must be noted that Ramsey pricing depends
on two factors: marginal cost and elasticity of demand. In the water industry, Ramsey pricing
carried out as follows.
First, it is assumed that the consumer purchases 𝑛 goods (other than water) and 𝑚 various
types of water with different qualities, each of which is described through a corresponding
row vector consisting of qualitative factors of 𝑞𝑗 𝑅𝑚 with the utility function of 𝑈(𝑋, 𝑊, 𝑞).
In this utility, 𝑥 and 𝑤 are the row vectors of non-water goods and waters with different
qualities, respectively. The demand function for water of any quality can be considered as
shown in Equation 6.7.
𝑊𝑗𝐷 = 𝑊𝑗 (𝑃𝑤𝑗 )

(6.7)

The consumer’s net profit resulting from buying 𝑊𝑖 amount of water of quality 𝑗 is
obtained as shown in Equation 6.8.
𝑊𝑗

𝑁𝐵 = ∫ 𝑃𝑊𝑗 (𝑊𝑖 )𝑑(𝑊𝑗 ) − 𝑊𝑗 , 𝑃𝑊𝑗
0

(6.8)
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In this equation, 𝑃𝑊𝑗 (𝑊𝑗 ) is the market’s inverse demand function for 𝑊𝑗 . Now, on the
assumption that the regulated water firm produces 𝑚 water of various qualities based on the
row vector of 𝑊 = [𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 ] and each are determined respectively by
qualitative factors of 𝑞 = [𝑞1 , 𝑞2 , 𝑞3 , … , 𝑞𝑚 ], the multi product total cost function will be as
shown in Equation 6.9.
𝑇𝐶 = 𝑇𝐶(𝑊, 𝑞)

(6.9)

It is assumed that the cost function is differentiable and the differentiation of the total cost
function with respect to 𝑤 is decreasing. This is indicative of an increasing return to scale.
Therefore, for any level of product 𝑊 = [𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 ], the costs are not covered by
marginal-cost pricing. Thus, Equation 6.10 always holds.
𝑚

∑ 𝑊𝑗 . 𝑀𝐶(𝑊𝑗 ) < 𝑇𝐶(𝑊, 𝑞)

(6.10)

𝑗=1

In this case, the firm’s profit is defined as shown in Equation 6.11.
𝑚

𝑇𝑃 = ∑ 𝑃𝑤𝑗 𝑊𝑗 − 𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 , … , 𝑞𝑚 )

(6.11)

𝑗=1

Total welfare (𝑇𝑊) as the sum of the consumer’s total net benefits (𝑁𝐵) and the firm’s
total profit (𝑇𝑃) will be as shown in Equations 6.12 and 6.13.
𝑇𝑊 = 𝑁𝐵 + 𝑇𝑃
𝑇𝑊 =

(6.12)

𝑊𝑗
∑𝑚
𝑗=1 ∫0 [𝑃𝑤𝑗 (𝑤𝑗 )𝑑𝑤𝑗

− 𝑃𝑤𝑗 𝑤𝑗 ] +

𝑇𝐶(𝑊1 , 𝑊2 , … . , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 , … , 𝑞𝑚 ) =
𝑤𝑗

[∑𝑚
𝑗=1 ∫0 𝑃𝑤𝑗 (𝑤𝑗 )𝑑𝑤𝑗 −

∑𝑚
𝑗=1 𝑃𝑤𝑗

𝑊𝑗 −
(6.13)

𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑞𝑚 , 𝑞1 , 𝑞2 , 𝑞3 … , 𝑞𝑚 )]
Irrespective of discounts and extra charges pertaining to quantity, the most efficient of
the second best prices are those which maximize total welfare, conditional upon a break-even
constraint (𝑇𝑃 = 0).
𝑊𝑗

𝑀𝑎𝑥: 𝑇𝑊 = ∫0

𝑃𝑤𝑗 (𝑤𝑗 ) 𝑑𝑗 −

𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 … , 𝑞𝑚 )
𝑆𝑡:

(6.14)
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𝑚

∑ 𝑃𝑤𝑗 𝑊𝑗 = 𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 … , 𝑞𝑚 )
𝑗=1

By forming a Lagrangian function, Equation 6.15 always holds where 𝜆 represents the
Lagrangian multiplier.
𝑊𝑗

𝑀𝑎𝑥: 𝐿 = {∑𝑚
𝑗=1 ∫0

𝑃𝑤𝑗 (𝑤𝑗 )𝑑𝑤𝑗 −

𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 … , 𝑞𝑚 )} × {−𝜆(∑𝑚
𝑗=1 𝑃𝑤𝑗 𝑊𝑗 −

(6.15)

𝑇𝐶(𝑊1 , 𝑊2 , 𝑊3 , … , 𝑊𝑚 , 𝑞1 , 𝑞2 , 𝑞3 … , 𝑞𝑚 ))}
The first-order condition for maximization with respect to 𝑊𝑗 is obtained by taking the
partial derivatives of Equations 6.15, 6.16, and 6.17.
𝜕𝑃𝑤𝑗
∂L
= 𝑃𝑤𝑗 (𝑤𝑗 ) − 𝑀𝐶𝑗 (𝑤𝑗 ) − 𝜆 [𝑃𝑤𝑗 + 𝑤𝑗
− 𝑀𝐶𝑗 (𝑤𝑗 )] = 0
(6.16)
∂Wj
𝜕𝑊𝑗
𝜕𝑃𝑤𝑗
(𝑃𝑤𝑗 (𝑤𝑗 ) − 𝑀𝐶𝑗 (𝑤𝑗 )) (1 − 𝜆) + 𝑊𝑗
𝜆=0
(6.17)
𝜕𝑊𝑗
Therefore, by arranging Equations 6.16 and 6.17, Equation 6.18 holds.
(𝑃𝑤𝑗 (𝑊𝑗 ) − 𝑀𝐶𝑗 (𝑤𝑗 )) (1 − 𝜆) = −𝑊𝑗

𝜕𝑃𝑤𝑗
𝜆
𝜕𝑊𝑗

(6.18)

Now, by dividing both sides by (1 − 𝜆) and 𝑃𝑤𝑗 , Equation 6.19 is obtained.
𝑃𝑤𝑗 (𝑊𝑗 ) − 𝑀𝐶𝑗 (𝑤𝑗 )
𝑊𝑗 𝜕𝑃𝑤𝑗
𝜆
=−
.
.
𝑃𝑤𝑗
1 − 𝜆 𝑃𝑤𝑗 𝜕𝑊𝑗

(6.19)

According to Equation 6.19, the elasticity of demand for water of quality 𝑗 (𝐸𝑗 ) is as
shown in Equation 6.20. Therefore, Equations 6.21 or 6.22 always holds. It must be noted
that the elasticity of demand for water of quality 𝑗 (𝐸𝑗 ) is less than zero.
𝐸𝑗 = (

𝑃𝑤𝑗
𝜕𝑊𝑗
)(
)
𝑊𝑗
𝜕𝑃𝑤𝑗

𝑃𝑤𝑗 (𝑊𝑗 ) − 𝑀𝐶𝑗 (𝑤𝑗 )
𝜆
1
=
×
𝑃𝑤𝑗
1 − 𝜆 𝐸𝑗
(1 − 𝜆)𝐸𝑗
𝑃𝑤𝑗 = 𝑀𝐶𝑗 (𝑊𝑗 )
(1 − 𝜆)𝐸𝑗 − 𝜆

(6.20)
(6.21)
(6.22)
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The 𝑃𝑤𝑗 price obtained from Equation 6.21 or 6.22 is the second-best price or Ramsey
price for water of quality 𝑗.

6.6.2.1. A Practical Case of Ramsey Pricing (Case Study: Arak City)
One of the major problems of the Iranian water and wastewater services is the model it
employs for pricing drinking water. In Iran, the decisions concerning water services are
chiefly made based on social, legal, administrative, and financial policies. Thus, economic
considerations play a minor role in this regard. The price a consumer pays for water is
determined based on a percentage of the accounting costs of water supply and delivery. So,
no efficient economic pricing model has been utilized so far. Failure of the Iranian water
sector to recognize the economic necessities of pricing has caused water to be supplied as a
free or at least a very cheap good. The current shortage of water resources in Iran and the
consequent numerous environmental problems evidently stem from the uneconomic pricing
of water. Hence, in order to mitigate the negative effects of the water crisis and implement
optimal strategic policies, more attention should be paid to the economic tools and solutions
available to the water sector. To this end, in this section, the optimal pricing policies adopted
by Arak Water and Wastewater Company, as a two-product firm that provides residential and
non-residential services, are examined. At first, the marginal-cost based pricing (first-best
pricing) has been examined. As shown in Table 5.7, Arak Water and Wastewater Company
is subject to economies of scale regarding the production of residential water. Therefore,
under the condition of economies of scale, this company will incur losses. In this case, it
seems appropriate that the second-best prices be calculated by the Ramsey method.

6.6.3. Marginal-Cost Pricing (First-Best Pricing) in Arak City
With respect to efficiency and demand management policies, marginal cost pricing is
considered the best pricing method. This method has been highly recommended by many
scholars and international organizations operating in the water sector. For example, in Article
9 of the European Union’s Water Framework Directive, the member states have been advised
to take into account the economic costs, the intrinsic value of water, and the environmental
and social factors in pricing water services. Apart from efficiency, water pricing should fulfill
some other objectives as well. Moreover, the price of water for each usage and season should
be determined in such a way that it persuades consumers to save water and use it efficiently.
Adopting these criteria for efficient water pricing will not be an easy task. First, some of these
criteria might be in conflict with each other. Therefore, some kind of interaction should
happen between them. The balance between revenue stability and efficiency is an example
of this situation. Furthermore, when water services involve an enormous investment, many
costs will remain fixed, i.e., they will not change by the quantity of water consumption.
Considering these conditions, water pricing will be a difficult task.
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In accordance with economic theories, when the partial equilibrium model is used in the
water market, the first-best price is determined as shown in Equation 6.23.
𝑃 = 𝑀𝐶

(6.23)

In this equation, 𝑀𝐶 represents the marginal cost of water. In order to maximize social
welfare, the price of water should be equal to its marginal cost.
In order to calculate the marginal cost of water, it is necessary to estimate the cost
function. In chapter 5, the cost function of water and wastewater utilities have been explained
in detail. For calculation of the marginal cost of residential water production, the derivative
of the cost function (Equation 5.10) with respect to the residential water output taken and the
data of the City of Arak in 2014 was substituted into it. By doing the calculation, the marginal
cost for residential water production in 2014 in the City of Arak obtained as 8630 IRR.
Considering that the selling price of residential water in 2014 was 2883 IRR, this selling price
covers 33 percent of the marginal cost. It must be noted that in the calculation of marginal
cost, the economic value of water has not been taken into consideration. If the economic
value of water imposed on the cost function, the gap between marginal cost and selling price
will widen further.

6.6.3.1. Derivation of Seasonal Ramsey Prices
Marginal cost has been calculated in the previous section. Since the City of Arak is subject
to economies of scale regarding the production of residential water, if the government adopts
the marginal-cost pricing policy, the utility will incur losses.
The government can either pay the difference of the prices as a subsidy or adopt the
second-best price policy. To this end, in this study, the second-best price policy is examined.
With respect to Equation 6.22, second-best Ramsey pricing requires three factors: marginal
cost, price elasticities, and welfare weight (). Note that, in Iran, the quality of drinking water
for various types of consumption and usage is the same. Thus, there is only one marginal cost
in Equation 6.22.
As the results of the estimation of seasonal demand in the City of Arak (Chapter 3)
confirmed the difference between seasonal elasticities, and since many other studies have
shown the substantial differences between the elasticities of seasonal demand for water,
exploiting the Ramsey pricing can prove highly beneficial. In this case, Equation 6.23 will
be rewritten as Equation 6.24.
𝑃𝑗 = 𝑀𝐶

(1 − 𝜆)𝐸𝑗
(1 − 𝜆)𝐸𝑗 − 𝜆

In this equation:

(6.24)
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𝐸: Seasonal price elasticity of demand.
: Budget constraint (Welfare Weight).
𝑝𝑗 : Drinking water fee in different seasons.
The marginal cost of residential water in the Arak City has been derived from the cost
function as 8630 IRR. The seasonal and annual elasticities are calculated as shown in
Chapter 3 (
Table 3.11).
Table 6.3 Price elasticity in different seasons
Type of demand

Price elasticity

Spring

-0.425

Summer

-0.549

Fall

-0.312

Winter

-0.205

Whole Year

-0.379

Welfare weight () is the sunk cost of a firm’s profit and represents a criterion for the
decrease (increase) in total welfare. When  equals zero, the Ramsey prices will be equal to
the marginal cost, and if  equals one, the differences between Ramsey prices and marginal
cost are so big that if a subsidy is granted to the firm to compensate for the negative profit,
the total welfare will dramatically increase.
Since the elasticity of demand for the whole year is available, the inverse method is
employed to calculate . By substituting the average selling price of residential water (2883
IRR per cubic meter), the marginal cost (8660 IRR per cubic meter), and the annual price
elasticity (-0.379) in Equation 6.24, 𝜆 can be calculated. Thus, 𝜆 has been estimated as 0.43
(𝜆 = 0.43). The Ramsey price estimates presented in Table 6.4.
Table 6.4 Ramsey price estimates
Demand

Ramsey price
based on mean
sale price

Ramsey price
based on Marginal
cost

Percent differences among
seasonal prices and Marginal
cost

Spring
Summer
Fall
Winter
Whole year

3,107
3,632
2,573
1,842
2,883

9,300
10,872
7,703
5,514
8,630

8
26
-11
-36
1

According to Table 6.3, the second-best Ramsey prices are significantly different from
the mean sale prices. This indicates that the current prices are not optimal and the authorities
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can improve the social welfare by adopting the second-best price policy without reducing the
profit of the City of Arak as a residential water supplier firm. In order to maximize the social
welfare, the authorities should utilize the instrument of seasonal pricing. To this end, the
spring and summer prices should be set 8 and 26 percent higher than the marginal cost,
respectively. In addition, the fall and winter prices should be set 11 and 36 percent lower than
the marginal cost, respectively. It should be noted that according to Note 3 of other General
Conditions of Urban Water and Wastewater Tariffs in Iran, in the hot months of the year
(June, July, August and September), the water consumption fee for each block higher than
25 cubic meters per month increases by 20 percent for both residential and non-residential
consumers.

6.7. Policy Recommendations
From an academic point of view, the efficient pricing of water is a prerequisite for all policymakings in the field of water resource management. In many countries, water pricing reforms
have already been carried out or are underway. Despite the crucial importance of efficient
water pricing, few studies on this topic have been conducted in Iran. The present study is of
considerable academic importance, because it is the first attempt to examine the seasonal
second-best pricing for residential water.
To analyze the second-best price in the residential water sector, the supply and demand
functions should be available. In this study, the price elasticities of demand for residential
water in different seasons as well as the whole year is obtained from the previous chapters.
With regard to supply, the City of Arak examined as a two-product firm supplying residential
and non-residential water. The cost function had a translog form and the econometric
estimation method was the seemingly unrelated regression equation systems. The most
significant achievements of this study include calculation of the marginal cost of residential
water production and estimation of the second-best pricing in the Arak Water and Wastewater
Company. The main results of this study can be divided into three categories:
 The sale price of residential water can only cover 33 percent of the marginal cost.
 In order to reach the maximum social welfare, it is necessary to set spring and
summer prices higher than the marginal cost and fall and winter prices lower than
the marginal cost.
 Furthermore, the policy-makers and the managers of the Iranian water sector can
utilize the results of this study in order to achieve economic efficiency. Considering
the significant difference between the current and optimal prices, the authorities can
implement the optimal pricing policy to improve social welfare without causing the
profit of water and wastewater utilities to decline. Thus, the reform of the residential
water tariff system is highly recommended.
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Chapter 7
7. Economic Indicators of Iran Water Services
This chapter aims to present and report the performance of a number of
economic indicators involved in the Iranian water and wastewater services
(water and wastewater pricing, water selling price, the share of water in
household expenditures, cost price analysis, etc.).
The findings can serve as a basis for understanding the status quo and the
trend of changes of economic parameters with the aim of devising a strategic
plan for economic enterprise management in the Iranian water and wastewater
Services.
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7.1. Water and Wastewater Pricing System in Iran
In accordance with articles 9 and 11 of the Establishment of Water and Wastewater
Companies Act and the provisions of the Law of Five-year Economic, Social, and Cultural
Development Plans, water and wastewater pricing falls within the purview of the
government. Pricing of water and wastewater services in Iran is determined based on the
concept of planned economy (centralized economy), with the government pursuing the
following goals:
 Recovering its current and capital expenditures, which include salary and wages and
costs associated with the purchase of raw water, electricity, and disinfectants,
repairs, routine maintenance, and depreciation.
 Using price as an economic leverage to control water consumption and manage
demand
 Distribution of production costs among consumers with the aim of:
o Encouraging optimal use of water.
o Controlling and reducing demand.
o Preservation and reasonable growth of water resources to ensure
sustainability of water use and supply system.
o Generating sufficient revenue for the flow of financial operations.
In the Iranian water and wastewater services, pricing is based on user category. In this
system, historical accounting replaces economic costs and average cost used instead of
marginal cost. All costs associated with production, transmission, pumping, storage (in
reservoirs), and distribution are first taken into account. Next, costs prorated according to
user categories, legal restrictions, and other considerations and different prices are set for
different subscribers. The Iranian water and wastewater pricing system has the following
characteristics:
1. Prices are fixed for a relatively long period. As the determined prices are not closely
related to environmental condition, user sensitivity towards the price of water is
relatively low.
2. Water and wastewater prices take up an insignificant portion of household
expenditure.
3. In the water and wastewater services, consumption is simultaneous with production;
however, bills issued at the end of each billing period. Therefore, prices do not affect
user decisions at the interaction point of supply and demand.

7.2. Classification of Water and Wastewater Tariffs in Iran
Water and wastewater tariffs in Iran are categorized into two independent groups: connection
charges, water tariffs, and wastewater disposal fees.

192 | Urban Water Economics

7.2.1. Connection Charges
Connection charges are the fees charged at the time of subscription granting the subscriber
the right to use water and wastewater services. Ideally, these fees should completely cover
the costs incurred to provide the subscriber with water and wastewater services. Connection
charges are determined with the aim of meeting the capital costs associated with the provision
of a connection pipe to a building. The actual fees charged to subscribers depend on the
number of units in the building, their occupancy, government support for economic and social
development programs, etc.

7.2.2. Tariffs for Goods and Services
Tariffs for goods and services are the fees charged for the use of water and wastewater
services. Ideally, this fee should completely cover all operating and operational costs and
yield a small profit margin. According to the regulated tariffs notified to the water and
wastewater companies in 2014, the following user categories have been taken into account:
 Residential: This user category refers to the connections that fall strictly within the typical
range of residential water use for drinking and hygiene as well as wastewater disposal,
and is only granted to housing units.
 Non-residential: The water consumption in this section includes all types of water usage
apart from residential and is classified as follows:
o Commercial: This user category refers to the connections that in general is granted to
the premises used for business purposes, service provision, and trade-related
activities.
o Industrial: This user category refers to the connections that are exploited in industries,
factories, agricultural industries producing agricultural and livestock products in
workshops (poultry and cattle factory farms, sericulture, etc.), small industries and
manufacturing occupations.
o Public and state-owned: This user category includes hospitals, libraries, welfare
organizations, non-profit organizations carrying out social and cultural activities,
state-owned centers, urban open spaces, etc.
o Educational and religious sites: This user category includes connections granted to
schools, vocational-technical institutes, universities, and religious and holy sites such
as mosques, hussainias, tekyehs and the places of worship for religious minorities.
o Temporary: This user category refers to the connections granted to any sort of activity
carried out merely within a specific period at no connection charge. This type of usage
formerly has been defined in the tariff system under the rubric of free or construction
connections.
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o

Other usages: This user category includes consumers who fall outside the abovementioned user categories.

7.3. History of Water Pricing in Iran1
In Iran, prior to the establishment of water and wastewater companies, no comprehensive
water pricing system had been deployed. This was mainly due to the inconsistency and
fragmentation of the management of urban water supply services. As a result, in most cities,
water is priced like other municipality services. Even after the establishment of water and
wastewater companies, water mostly priced according to some social considerations and the
need to develop a planned system based on financial autonomy, cost recovery, and
consumption management is largely ignored. This pricing method gradually caused costs
(Costs pertaining to management, support, supply, development, extraction, maintenance,
etc.) to exceed the revenues of water and wastewater companies. Consequently, the gap
between revenues and costs widened year by year and the water and wastewater companies
incurred greater losses.
For example, the accumulated losses of the Iranian water and wastewater companies were
at a record high of $59.418 billion in 2014. It is evident that the unfortunate consequences of
these accumulated losses would revolve around issues such as lower service quality, lost
economic opportunities, heavier dependence on government credits, and the deviation of the
management from its main missions and its preoccupation with trivialities.
If we recall that one of the strategic principles behind the establishment of water and
wastewater companies was to ensure that they do not impose a financial burden on the
government, it soon becomes clear that these companies, with regard to pricing of their
services, have fallen short of their primary objectives. In the following sections, the water
pricing method used in the first to fifth development plans of Iran will be briefly presented.

7.3.1.1. First Development Plan (1991-1995)
This plan has been approved by the parliament and sent to the government for enforcement
prior to the establishment of water and wastewater companies. Accordingly, in the First
Development Plan of Iran, implemented after the Iran-Iraq War, there is no trace of water
and wastewater service tariffs. In the early 1994, according to Article 9 of the Establishment
of Water and Wastewater Companies Act, the first tariffs for water and wastewater services
have been approved by the Economic Council, without taking the depreciation and operating
costs into account. In these tariffs, the water fees were determined on a provincial level based
on an increasing block tariff model for residential users and at uniform rates for nonresidential users.

1

The contents of this section are reprinted from the sixth chapter of the book “Comprehensive Guide to Financial
and Economic Management of Water and Wastewater Industry”, by permission of the authors.
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7.3.1.2. Second Development Plan (1996-2000)
In this plan, according to Paragraph (c) of Note 19 of the Second Development Plan Act, the
drinking water tariffs have been defined and determined. The provisions of Paragraph (c) of
Note 19 of the Second Development Plan Act are as follows:
 For the sale of drinking water, the increasing block tariff scheme will be used for
residential water supply as follows:
o Monthly consumption of up to 5 cubic meters will be free of charge.
o Monthly consumption of up to 22.5 cubic meters will be subject to the 1995 tariffs.
o Monthly consumption of up to 45 cubic meters will be subject to twenty-five (25)
percent higher tariffs than the previous year, based on the 1995 tariffs.
o Monthly consumption higher than 45 cubic meters will be subject to thirty (30)
percent higher tariffs than those of the previous year, based on the 1995 tariffs.
 The non-residential tariff will experience an annual increase of twenty (25) percent with
respect to the tariffs of the preceding year, based on the 1995 tariffs.

7.3.1.3. Third Development Plan (2001-2005)
In this plan, the water tariffs are determined according to Paragraph (c) of Article 133 of the
Third Development Plan Act. The provisions of Paragraph (c) of Article 133 of the Third
Development Plan Act are as follows:
“Water tariffs, connection fees, and the wastewater charges are determined as proposed
by the National Water and Wastewater Company and approved by the Islamic City Council
within the framework of the rules and the ceiling set by the High Economic Council. New
cities without a City Council shall be subject to the tariffs approved by the closest
neighboring city.”
Within the years of the implementation of the third development plan, according to an act
passed by the Economic Council which was also approved by the City Council, the water
rates increased by 10 to 15 percent.

7.3.1.4. Fourth Development Plan (2006-2010)
In this plan, in accordance with Amendment to Article 3 of the Fourth Development Plan
Act, the tariffs remained fixed until 2007. The provisions of Amendment to Article 3 are as
follows:
In the first year of the fourth development plan, the prices of gasoline, oil, gas, kerosene,
Mazut, and other petroleum products, natural gas, electricity, and water as well as the rates
of wastewater, telephone communications and postal services will follow the same rates that
were in effect in September 2004. For the subsequent years, any changes in the price of the
above-mentioned goods and services should be proposed as a bill and submitted by the end
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of the September of each year and be passed by the Consultative Assembly. Propositions for
the new prices should be both economically and socially viable.
Note 1: Other related charges including standing charges, connection fees, demand, duty,
etc. are also subject to this rule.
In 2007, given the cost price of services in each province, the Economic Council approved
the increasing block rates (10 consumption blocks) for residential users. Until 2010, the year
in which the Targeted Subsidy Plan Act has been approved and notified for implementation,
the water and wastewater companies charged their subscribers at the cost-price rates
approved in 2007.

7.3.1.5. Fifth Development Plan (2011-2016)
In this plan, whose implementation, coincided with the enforcement of the Targeted Subsidy
Plan Act (12/19/2010), the water and wastewater tariffs were also revised. In line with the
implementation of the provisions of Article 9 of this Act, as in the past, the consumers were
divided into two groups: residential and non-residential users. Moreover, 10 and 9
consumption blocks were defined for urban residential and rural users, respectively.
In the formulation of tariffs, due to the legal requirements for incorporating the variables
of water quality, extraction costs, and the geographical region into the price, a specific
coefficient was determined for each city. This coefficient multiplied by each consumption
block to calculate the water fee for different blocks in each city. As different coefficients
used for each city, the water tariffs varied throughout the country. After the implementation
of the Targeted Subsidy Act, a uniform fee still has been used for the non-residential water
applications.
A summary of the water tariffs in Iran during the implementation of the First to Fifth
Development Plans is presented in Table 7.1.
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Table 7.1 Increase in fees for water and wastewater services in the first to the fifth Development Plans
Plan

Tariff

Article

First plan
(1991-1995)

In 1994, the first tariff approved by the High Economic
Council without taking depreciation and operating costs into
account.

Not mentioned

Second plan
(1996-2000)

Third plan
(2001-2005)
Fourth plan
(2006-2010)
Fifth plan (20112016)

Consumption up to 5 cubic meters, free
consumption from 5 to 22.5 cubic meters, unchanged, based
on 1995 fees
consumption from 22.5 to 45 cubic meters, 25 percent
growth compared with the preceding year, based on 1995
fees
consumption higher than 45 cubic meters, 30 percent growth
compared with the preceding year, based on 1995 fees
(On average) Consumption lower than the consumption
pattern, 10 percent increase
(on average) consumption higher than the consumption
pattern, 15 percent increase

In accordance with the
provisions of Paragraph
(c) of Note 19

In accordance with
Paragraph (c) of Article
133

Rates fixed based on the 2007 rates

Article 3

A 1500 IRR increase for each cubic meter of water
consumption in 2011 and 2012

Arctic 3 of the Targeted
Subsidy Act

The latest tariffs approved by the Iranian water and wastewater companies in 2015 are as
follows. These water tariffs are determined by dividing the consumers into two different user
categories: residential and nonresidential consumers, and by adopting an increasing block
tariff model aimed at covering the cost price. The water fees in the residential category are
set based on an increasing block tariff system and in line with the government’s water-saving
policies. In this model, different consumption blocks are charged at different rates according
to the volume consumed.

7.4. Urban Water Fees
Table 7.2 Residential water price in different consumption tiers
Monthly quantity
consumed
(cubic meter)

Prices of the volume used
in excess of each block
(IRR/cubic meter)

Monthly quantity
consumed (cubic
meter)

Prices of the volume used in
excess of each block
(IRR/cubic meter)

0<𝑥≤5

1,419

25 < 𝑥 ≤ 30

8,496

5 < 𝑥 ≤ 10

2,123

30 < 𝑥 ≤ 35

11,580

10 < 𝑥 ≤ 15

2,827

35 < 𝑥 ≤ 40

15,444

15 < 𝑥 ≤ 20

3,703

40 < 𝑥 ≤ 50

33,462

20 < 𝑥 ≤ 25

5,400

𝑥 > 50

66,924

Economic Indicators of Iran Water Services| 197
Table 7.3 Water prices for non-residential consumption
Usage category
Industrial
Public and
state-owned

Educational and
religious sites
Temporary
Business
Other usages

Subcategories
All industrial and manufacturing units licensed by the
relevant authorities.
Non-governmental educational centers, National Radio
and Television Organization, military and police centers,
urban green spaces, joint consumption of water in towns
and housing complexes, public baths, and bakeries.
Nursery schools, kindergartens, schools, universities,
sport clubs, libraries, museums, technical-vocational
training centers, seminaries, care centers for the disabled,
orphans, and the poor; holy shrines, martyrs' cemeteries,
teaching hospitals, and special medical centers.
Construction
Business units and other non-governmental service
centers.
Water sold to the rural water and wastewater companies
and fire hydrants.

Price of one cubic meter
(IRR)
5,760

7,776

2,880

10,800
9,972
1,440

7.4.1. Wastewater Disposal Surcharge
The surcharge of wastewater disposal for residential and non-residential consumers were
determined as seventy (70) percent and one-hundred (100) percent of the price of the water
consumed, respectively.

7.4.2. Rural Water Fee
The water tariff (water fee) for residential and non-residential rural use were determined,
respectively, as fifty (50) and one-hundred (100) percent of the water tariffs (after imposing
the urban adjustment coefficient) levied on the nearest neighboring city.

7.4.3. Other General Terms and Conditions
Note 1: The price coefficients of water tariffs for different cities are determined according to
the appended table.2
Note 2: To calculate the water price of urban non-residential consumers with a coefficient
smaller than one, the coefficient one (1) is used.
Note 3: The standing charge for residential and non-residential consumers, irrespective of
water consumption, according to the provisions of Paragraph (8) of the Targeted Subsidy Act

2

Since this table is extremely detailed, it was excluded from this study.

198 | Urban Water Economics
No. 105976 dated December 3, 2014, is determined as ten thousand (10,000) IRR for each
unit per month.
Note 4: The consumption blocks of the consumers are determined based on average
consumption during a thirty-day period.
Note 5: In the hot months of the year (June, July, August, and September), the water
consumption fee for each block higher than 25 cubic meters per month, increases by 20
percent for both residential and non-residential users.
Note 6: The selling fee for water produced by desalination facilities and water distribution
stations that supply water on location and in the consumers’ containers determined as twentyfive (25) IRR per liter. In addition, the price of potable water produced by the private sector
(desalination facilities) and supplied to consumers through the water distribution network,
are calculated based on the residential water tariffs up to the consumption of ten (10) cubic
meters per month for each housing unit. For levels of consumption exceeding this volume up
to the ceiling set in the water supply contract, the price of each cubic meter is calculated and
charged in accordance with the contract concluded with the private sector.
Note 7: The connection charges for the urban residential and nonresidential water and
wastewater consumers are calculated and charged according to the Ministry of Energy’s
notification No. 93/48155/200 dated February 17, 2014 (Appendix No. 1).
Note 8: The water connection charge for residential rural users determined as fifty (50)
percent of the lowest connection charge is levied on the nearest neighboring city. For nonresidential rural users, it is determined as one hundred (100) percent of the connection charge
in the nearest neighboring city. The wastewater connection charge for residential rural users
is determined as seventy (70) percent and for non-residential rural users, one hundred (100)
percent of the rural water connection charges.
Note 9: The nearest neighboring city to a village is a city that the village in question, with
respect to the administrative divisions of the country, considered one of its subdivisions.
Note 10: The selling price of water to the temporary dwellings, according to the cabinet’s
letter of notification No. 99603/T 424000 H dated 8/8/2009, should be calculated and charged
as seven thousand eight hundred (7800) IRR per cubic meter.
Note 11: Water fees for special cases (such as water sold to ships, boats, tankers, etc.), are
subject to the approval of the National Water and Wastewater Company’s board of directors.
Moreover, the Company’s board of directors are granted the permission to determine the
selling price of water sold (wholesale) to free zones, in the best interests of the Company,
and according to the method of water delivery and the average selling prices prior to the
implementation of the Plan.
Note 12: The wastewater volume of the units utilizing an off-the-grid water system
(independent of the water supply network) is determined based on the estimation of the
Company’s experts.
Note 13: For consumers exceeding the upper limit mentioned in the water supply contract,
the Company, in addition to calculating and charging the price of excess usage according to
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the tariffs set for the construction category, is obliged to issue a written notice and, in the
case of non-compliance, shut off water to the consumer.
Note 14: the city councils, in addition to the approved fees stipulated in the present directive,
can approve the tariffs proposed by the water and wastewater companies and submit them to
the Ministry of Energy for approval and notification.
Note 15: With the exception of the office buildings belonging to organizations that receive
public revenues, any increase subject to the Notes (2) and (3) of Single-Article Act of
Providing Facilities for Developing Wastewater Infrastructure and Reconstruction of Urban
Water Network, as and when required, will be added.
Note 16: The provisions of the operational regulation and the general conditions of the tariffs
for the water and wastewater companies are integral parts of this notification and are
considered irrevocable.

7.5. A Practical Case
In this section, a typical example will be presented to familiarize readers with the procedure
used to calculate water consumption charges. The initial information and assumptions of a
given consumer shown in Table 7.4. The water consumption charge will be calculated using
progressive and formulaic methods.
Table 7.4 Data for calculating the water consumption charge of a given consumer
Water usage
(cubic meter)

Consumption
period (day)

Numbers of dwelling
units (unit)

price coefficient
of water3

26

30

1

1.2

7.6. Calculating Water Charges Using a Progressive Method
In order to facilitate the progressive calculation of water charges based on the typical data
presented in Table 7.5, the data was rearranged as shown in Table 7.5.

3

According to Note 2 of Paragraph (A) of Article 3 of Targeted Subsidy Act, the Ministry of Energy allowed to set
the preferential and tiered prices for different usages with respect to the geographical regions, consumption type and
the volume of consumption. In this regard, the price coefficient was determined for every single Iranian city based
on the water delivery coefficient, quality coefficient and population coefficient. The price coefficients for different
cities appended to the tariffs announced by the Ministry of Energy.
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Table 7.5 Progressive calculation of water charged
Total price

Unit price in each
block

Consumption (m3)

7,095

1,419

5

1st

10,615

2,123

5

2nd

14,135

2,827

5

3rd

18,515

3,703

5

4th

27,000

5,400

5

5th

8,496

8,469
-

1

6th

26

Water charge (IRR)

85,856

In this step, the sum of water charges multiplied by the price coefficient of the city, and
the final charge is calculated.
85,856 × 1.2 = 103,027

7.7. Formulaic Calculation of Water Charges
A formulaic method, for simplicity's sake, can be utilized to calculate water consumption
charges for consumers. To this end, first, according to the price information on water use in
excess of each block, a formula can be devised as shown in Table 7.6. Compared to the
progressive method, this method requires less computational effort.
Table 7.6 Residential water consumption fees for different consumption blocks
Formula (monthly water charge based
on the consumption block of the
month)

Prices with respect to use in
excess of each block

Monthly water consumption
(cubic meter)

1,419𝑥

1,419

0<𝑥≤5

2,123𝑥 − 3,520

2,123

5 < 𝑥 ≤ 10

2,827𝑥 − 10,560

2,827

10 < 𝑥 ≤ 15

3,703𝑥 − 23,700

3,703

15 < 𝑥 ≤ 20

5,400𝑥 − 57,640

5,400

20 < 𝑥 ≤ 25

8,496𝑥 − 135,040

8,495

25 < 𝑥 ≤ 30

11,580𝑥 − 227,560

11,580

30 < 𝑥 ≤ 35

15,444𝑥 − 362,800

15,444

35 < 𝑥 ≤ 40

33,462𝑥 − 1,084,520

33,462

40 < 𝑥 ≤ 50

66,924𝑥 − 2,756,620

66,924

𝑥 > 50

𝑊𝑎𝑡𝑒𝑟 𝑐ℎ𝑎𝑟𝑔𝑒 𝑓𝑒𝑒 (𝐼𝑅𝑅) = (26 × 8,496) − 135,040 = 220,896 − 135,040 = 85,856
As in the previous method, in this stage, the sum of water charges multiplied by the price
coefficient of the city, and the final charge is calculated. Also, the wastewater charge
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(wastewater disposal service) is considered as 70 and 100 percent of water charges in the
residential and non-residential sectors, respectively.
85,856 × 1.2 = 103,027
In order to present a practical example for the calculation of non-residential water charge,
we take the typical information of Table 7.7 into account.
Table 7.7 Basic information for calculating the typical non-residential water consumption
Water consumption
(cubic meters)
12

Consumption
period (days)
30

Number of
units (units)
1

Contract’s upper
limit (cubic meters)
5

Price coefficient
of water (percent)
0.7

First, the total permitted consumption and the excess consumption should be calculated
as shown in Equations 7.1 and 7.2.
Total permitted consumption =
(contract’s upper limit/30) × total consumption period
Total excess consumption with respect to the contract’s upper limit = total consumption permitted consumption

(7.1)
(7.2)

The non-residential water consumption charge, by taking Equations 7.1 and 7.2 into
account, is calculated as shown in Equation 7.3.
Water charge = (permitted consumption × usage category fee) + (excess consumption × fee
for uncategorized water consumption)

(7.3)

To calculate the non-residential water charge, first, the total permitted consumption and
the total excess consumption with respect to the contract’s upper limit was calculated as
shown in Equations 7.1 and 7.2, and then the non-residential water charge was calculated
based on Equation 7.3. Moreover, in order to facilitate the computations, we utilize the
information presented in Table 7.8.
𝑇𝑜𝑡𝑎𝑙 𝑝𝑒𝑟𝑚𝑖𝑡𝑡𝑒𝑑 𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 = (5.30) × 30 = 5
𝑇𝑜𝑡𝑎𝑙 𝑒𝑥𝑐𝑒𝑠𝑠 𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡’𝑠 𝑢𝑝𝑝𝑒𝑟 𝑙𝑖𝑚𝑖𝑡 = 12 − 5 = 7
Table 7.8 Calculation of non-residential water charge
Total Price (IRR)

Price of each block
(IRR)

Consumption
(cubic meter)

49,860
75,600

9,972
10,800

5
7

125,460

Sum of water charge
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In the next step, the calculated sum of water charge multiplied by the city’s adjustment
coefficients4 as well as the number of the units, therefore the final water charge is obtained.
125,460 × 1 = 125,460
If the consumption occurs during the hot months of the year (June, July, August, and
September), the above charge will be multiplied by 1.2.
125,460 × 1.2 = 150,552
Major Economic Components of the Iranian Water and Wastewater Services
In the economic literature, from both microeconomic and macroeconomic perspectives,
the economic components are extremely diverse. In this section, some of the major economic
components of the Iranian water and wastewater services that exert tremendous influence on
top-management decision-makings have been investigated. These components are as
follows:
 Selling price of water.
 Ratio of water charge to total household expenditure.
 Comparing total consumer price index with water price index.
 Analysis of water supply cost.
 Selling Price of Water
In the Iranian water and wastewater services, prices are set by government without taking
economic considerations for business enterprising into account. Despite the prediction of
actual pricing in the Establishment of Water and Wastewater Companies Act (approved in
1991), the policies adopted by different governments have led to uneconomic management
of water firms. Table 7.9 exhibits the selling price of one cubic meter of water in the urban
water and wastewater companies.
Table 7.9 Selling price of one cubic meter of water in the urban sector from 2010 to 2016 (prices are in
IRR)
Title

2010

2011

2012

2013

2014

2015

2016

Sale price
Percentage change

1,313
29.23

2,606
98.48

2,943
12.93

3,517
19.50

3,938
11.97

4,254
8.02

4,601
8.16

In the urban sector, seventy-seven percent of water is used by residential consumers and
the rest by non-residential consumers. Residential consumers pay the regular prices by
following the determined consumption pattern. However, if their consumption falls outside
4

In the non-residential sector, when the price coefficient is smaller than one, a unit coefficient (a coefficient equal
to one imposed.

Economic Indicators of Iran Water Services| 203
the pattern, they are charged with higher rates in proportion to their excess consumption.
Therefore, the consumers’ water charges depend on their water saving and consumption
pattern. The non-residential consumers approximately pay the actual price. These
considerations are shown in Table 7.10, which present urban water fees in 2016.
Table 7.10 Comparison of cost coverage percentage in residential and non-residential sector for each
cubic meter of water in 2016 (prices are in IRR)
Title

Residential

Non-residential

Total

Selling price
Actual Cost
loss
Actual Cost coverage
percentage

3,411
8,921
(5,510)

8,698
8,921
(223)

4,601
8,921
(4,320)

38.2

97.5

51.6

According to this table, selling price in the residential sector only covers 38.2 percent of
the actual cost, while in the non-residential sector, selling price covers 97.5 percent of the
actual cost. Therefore, by considering both sectors, 51.6 percent of the actual cost is covered
by the selling price. This table clearly shows that, in Iran, the economic pricing of water and
its intrinsic value have been barely acknowledged so that the selling price of water does not
make up for the operational and maintenance costs.

7.7.1. Ratio of Water Charge to Total Household Expenditure
The ratio of water charge to total household expenditure is one of the topics discussed in the
economics of water. According to the reports published by the Statistical Center of Iran, at
the end of 2014, the ratio of water charge to the urban household expenditure was 0.56
percent (Table 7.11).
Table 7.11 Ratio of water and wastewater service charges to total urban household expenditure, in 2012
and 2014 (numbers are in percentage)
Title
Water
Wastewater
Water and wastewater

2012
0.69
0.08
0.77

2014
0.56
0.11
0.64

Percentage change
-18.8
37.5
-16.9

Comparing to other public utility services (electricity, gas and telephone) (Table 7.15)
and other goods (Table 7.12 and Table 7.13), the low ratio of water charge to total household
expenditure indicates that water is considered a cheap commodity for Iranian households.
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Table 7.12 Comparison of the ratio of public utility charges to total household expenditure in 2012 and
2014 (numbers are in percentage)
Title

2012

2014

Percentage change

Water and wastewater
Electricity
Gas
Telephone and fax services

0.77
1.24
1.31
2.71

0.64
1.3
1.4
2.51

-16.9
4.83
6.9
-7.4

Table 7.13 Comparison of percentage ratios to total household expenditure in 2014 (numbers are in
percentage)
Group’s number

Group’s title

Urban (percent)

1
2
3
4
4-1
4-2
4-3
4-4

Food and beverages
Tobacco
Apparel and footwear
Housing, water, fuel
Rent
Water and Wastewater
Electricity
Gas
Furniture, home appliances, and their regular
maintenance
Medicine and healthcare
Transportation
Telecommunications
Entertainment
Education
Hotel and restaurant
Miscellaneous goods and services

23.71
0.50
4.63
33.67
18.1
0.64
1.3
1.4

5
6
7
8
9
10
11
12

3.67
7.0
7.6
2.71
1.89
1.86
1.16
11.45

Table 7.14 offers the possibility to compare ratios of water, electricity, and gas charges
to total urban household expenditure for the different deciles 5 in three years (2005, 2011, and
2014). The year 2005 is the initial year of the study period, 2011 is the year characterized by
the increase in relative prices of these three items and 2014 is the final year of the study
period. According to the table, it is evident that in 2005, the ratios of water, electricity and
gas charges to total household expenditure decreased by moving from the first decile towards
the tenth one. In 2014, the same pattern has been seen. For example, in this year, the ratio of
water charge to total household expenditure in the first decile is 1.2 percent, while in the
second decile, it is a smaller number equal to one percent and for the third decile, and this
ratio is 0.9 percent. The above points indicate that the increase in the costs of these items has
been smaller than the increase in total household expenditure. However, in 2011, at a time
5

According to the definition provided by the Statistical Center of Iran, different deciles consisting of the cost of the
consumer society arranged based on the costs of consumable goods and services, in such a way that the society
divided into ten equally groups and each group called a decile.
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when prices underwent fundamental changes, in one case, the ratio of gas charge to total
household expenditure of the third decile violated this rule. Nevertheless, in other cases, the
rule followed. Moreover, it has been observed that the changes in the relative price of water
from 2005 to 2014 led to the decline of the ratio of water charge in total household
expenditure of all deciles. However, for electricity and gas, the opposite is true. In other
words, in 2014, the ratio of gas and electricity charges to total household expenditure of all
deciles was greater than that in 2005. It should also be noted that the difference between the
significance of these costs in the first and tenth deciles was considerable. However, as can be
seen, in 2011, this difference reached its lowest level.
Table 7.14 Ratio of water, electricity, and gas charges to total urban household expenditure for each
decile in 2005, 2011, and 2014 (numbers are in percentage)
Title

Water
1.5
1.4
1.3
1.1
1.1
0.9
0.9
0.7
0.7
0.3

1st decile
2nd decile
3rd decile
4th decile
5th decile
6th decile
7th decile
8th decile
9th decile
10th decile

2005
Electricity
1.9
1.6
1.5
1.4
1.2
1.2
1.1
1.0
0.8
0.6

Gas
1.6
1.5
1.3
1.2
1.1
1.1
1.0
0.8
0.6
0.4

Water
1.5
1.4
1.3
1.3
1.1
1.0
1.0
0.9
0.7
0.7

2011
Electricity
2.2
2.1
2.0
2.0
1.7
1.6
1.5
1.4
1.2
0.9

Gas
2.6
2.6
2.8
2.6
2.7
2.4
2.5
1.9
1.8
1.5

Water
1.2
1.0
0.9
0.8
0.8
0.7
0.6
0.5
0.5
0.2

2014
Electricity
2.2
1.9
1.7
1.5
1.5
1.3
1.3
1.2
1.0
0.8

Gas
2.4
2.2
2.0
1.8
1.6
1.5
1.4
1.2
1.1
0.6

The united nations suggest that the ratio of water and wastewater charge to total
household expenditure can be up to three percent. In Iran, this ratio was approximately 0.64
percent in 2014.

7.8. Comparing Total Price Index with Water Price Index
In order to shed more light on the phenomenon of the ratio of water charge to total household
expenditure, the index of total price of consumer goods and services for the household
(consumer price index) is compared with the water price index (Table 7.15). The information
presented in this table indicates that the growth of total price index for each Iranian household
was higher than the growth of the water price index, while water is extremely scarce and
considered an essential good for which there is no substitute. This point reveals an apparent
paradox in the pricing of water in Iran.
Table 7.15 Comparing total price index with water price index in 2011-2016
Title

2011

2012

2013

2014

2015

2016

Total consumer price index
Water price index

100
100

131
113

176
135

203
151

228
163

249
177
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7.9. Analysis of Water Supply Cost
Supply and distribution of potable water entail considerable costs. The actual price of water
is the sum of procedural costs (supply, pumping, transfer, storage, treatment, disinfection,
distribution, and maintenance), non-procedural expenses (consumable materials, energy,
customer services, salary and wages, and insurance), and capital and financial costs
(shareholder’s equity, interest on loans and borrowed credits). In the water industry, the
actual price of water is the sum of the costs incurred from the extraction point to the consumer
connection pipe. Table 7.16 shows the major components of the total costs of water 2016.
Table 7.16 Analysis of actual price of each cubic meter of water in 2016 (urban sector)
Title

Percentage

Labor costs
Contractor services
Depreciation
Maintenance
Raw water and supervision right
Electricity
Consumed materials
Other costs
Total costs

34
9
36
9
4
4
1
3
100

From Table 7.16, it can be observed that, the highest cost share has been allocated to the
four factors of depreciation, labor, contractor services, and maintenance, respectively
(Pareto principle)6, while the other costs (raw water, electricity, and consumed materials)
account for an insignificant portion of total costs. The comparison of the selling price of water
with the actual price of each cubic meter of water indicates the loss incurred from each cubic
meter of water sold presented in Table 7.17. According to this table, the loss incurred by the
water and wastewater services escalates every year.
Table 7.17 Comparing the selling price with the cost price of one cubic meter of water in the urban
sector from 2010 to 2016
Sale price
Title
2010
2011
2012
2013
2014
2015
2016

6

Cost price

Loss

IRR

Percentage change

IRR

Percentage change

IRR

Percentage change

1,313
2,606
2,943
3,517
3,938
4,254
4,601

29.23
98.48
12.93
19.50
11.97
8.02
8.16

2,252
6,057
6,291
6,920
7,981
8,705
8,921

7.9
169.0
3.9
10.0
15.3
9
2.5

939
3,451
3,348
3,403
4,043
4,451
4,320

-12.3
267.5
-3
1.6
18.8
10
-3

Pareto principle

(8/20 rule) states that 80 percent of the outcomes result from 20 percent of the factors.
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Appendix: Connection charges of water and wastewater
According to the provisions of Note (11) of the notified tariffs, the connection charges for
residential water and wastewater are calculated and charged, as before, based on the latest
notification of Ministry of Energy. The latest notified tariff of water and wastewater
connection charges are in accordance with Paragraph “B” of Note 6 of 2007 Total Budget
Act and the operational regulation of Cabinet Decree
No. 37233 T/68551 dated 23 July
2007, which is effective across Iran. The provisions of the above-mentioned tariffs are as
follows:
The water connection charge for residential consumers of each city has been unitarily set
as a fixed fee per dwelling unit. The connection charges set for different cities of each
province have been separately reported.
The connection charge of non-residential consumers is calculated based on the contract’s
upper limit as follows:
Non-residential connection charge = contract’s upper limit in cubic meter per month ×150
thousand IRR× city’s adjustment coefficient
For business connections, in addition to the above fee, six hundred thousand IRR
(600,000) will be added to the connection charge per connection unit.
The residential wastewater connection charge is calculated and charged as seventy
percent (70%) of the consumer’s water connection charge.
The non-residential wastewater connection charge is calculated and charged as onehundred percent (100%) of the consumer’s water connection charge.
In cities where wastewater plans are in operation, according to Notes (2) of Single-Article
Act of Provision of Facilities for the development and Reconstruction of Urban Water
Networks, apart from the water connection charge, consumers should pay an additional fee
equal to ten percent (10) of the water connection charge. However, consumers falling under
the category of state-owned users are exempt from this charge.
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